CHAPTER 1

Black Holes – an Introduction

Piotr T. Chruściel Université François-Rabelais de Tours UMR CNRS 6083 “Mathématiques et Physique Théorique” Parc de Grandmont, F37200 Tours, France. Email: piotr.chrusciel@lmpt.univ-tours.fr URL www.phys.univ-tours.fr/∼piotr

This chapter is an introduction to the mathematical aspects of the theory of black holes, solutions of vacuum Einstein equations, possibly with a cosmological constant, in arbitrary dimensions.

1. Stationary black holes

Stationary solutions are of interest for a variety of reasons. As models for compact objects at rest, or in steady rotation, they play a key role in astrophysics. They are easier to study than non-stationary systems because stationary solutions are governed by elliptic rather than hyperbolic equations. Further, like in any field theory, one expects that large classes of dynamical solutions approach a stationary state in the final stages of their evolution. Last but not least, explicit stationary solutions are easier to come by than dynamical ones.

1.1. Asymptotically flat examples

The simplest stationary solutions describing compact isolated objects are the spherically symmetric ones. A theorem due to Birkhoff shows that in the vacuum region any spherically symmetric metric, even without assuming stationarity, belongs to the family of Schwarzschild metrics, parameterized by a positive mass parameter m:

g = −V^2dt^2 + V^{−2}dr^2 + r^2dΩ^2 , (1.1) V^2 = 1 −^{2m}_r , t ∈ R , r ∈ (2m, ∞) . (1.2) 1

2 P.T. Chruściel

Here dΩ^2 denotes the metric of the standard 2-sphere. Since the metric (1.1) seems to be singular as r = 2m is approached, there arises the need to understand the geometry of the metric (1.1) there. The simplest way to do that, for metrics of the form (1.1) is to replace t by a new coordinate v defined as

v = t + f(r) , f^′ = 1 V^2

, (1.3)

leading to

v = t + r + 2m ln(r − 2m) .

This brings g to the form

g = −(1 − 2m r )dv^2 + 2dvdr + r^2dΩ^2 . (1.4)

We have det g = −r^4 sin^2 θ, with all coefficients of g smooth, which shows that g is a well defined Lorentzian metric on the set

v ∈ R , r ∈ (0, ∞) . (1.5)

More precisely, (1.4)-(1.5) is an analytic extension of the original spacetime^a (1.1).

It is easily seen that the region {r ≤ 2m} for the metric (1.4) is a black hole region, in the sense that

observers, or signals, can enter this region, but can never leave it. (1.6)

In order to see that, recall that observers in general relativity always move on future directed timelike curves, that is, curves with timelike future directed tangent vector. For signals the curves are causal future directed, these are curves with timelike or null future directed tangent vector. Let, then, γ(s) = (v(s), r(s), θ(s), φ(s)) be such a timelike curve, for the metric (1.4) the timelikeness condition g(γ̇, γ̇) < 0 reads

−(1 − 2m r )v̇^2 + 2v̇ṙ + r^2(θ̇^2 + sin^2 θφ̇^2) < 0 .

This implies v̇ � − (1 − 2m r )v̇ + 2ṙ � < 0 .

aThe term space–time denotes a smooth, paracompact, connected, orientable and time– orientable Lorentzian manifold.

Black Holes 3

It follows that v̇ does not change sign on a timelike curve. The usual choice of time orientation corresponds to v̇ > 0 on future directed curves, leading to −(1 − 2m r )v̇ + 2ṙ < 0 .

For r ≤ 2m the first term is non-negative, which enforces ṙ < 0 on all future directed timelike curves in that region. Thus, r is a strictly decreasing function along such curves, which implies that future directed timelike curves can cross the event horizon {r = 2m} only if coming from the region {r > 2m}. The same conclusion applies for causal curves, by approximation.

Note that we could have chosen a time orientation in which future directed causal curves satisfy v̇ < 0. The resulting space-time is then called a white hole space-time, with {r = 2m} being a white hole event horizon, which can only be crossed by those future directed causal curves which originate in the region {r < 2m}.

The transition from (1.1) to (1.4) is not the end of the story, as further extensions are possible. For the metric (1.1) a maximal analytic extension has been found independently by Kruskal, Szekeres, and Fronsdal, see Ref. 73 for details. This extension is visualised^b in Figure 1. The region I there corresponds to the space-time (1.1), while the extension just constructed corresponds to the regions I and II.

A discussion of causal geodesics in the Schwarzschild geometry can be found in R. Price’s contribution to this volume.

Higher dimensional counterparts of metrics (1.1) have been found by Tangherlini. In space-time dimension n + 1, the metrics take the form (1.1) with

V^2 = 1 − 2m r^{n−2}

, (1.7)

and with dΩ^2 — the unit round metric on S^{n−1}. The parameter m is the Arnowitt-Deser-Misner mass in space-time dimension four, and is proportional to that mass in higher dimensions. Assuming again m > 0, a maximal analytic extension can be constructed using a method of Walker^{92} (which applies to all spherically symmetric space-times),^c leading to a space-time with global structure identical to that of Figure 1 (except for the replacement 2M → (2M)^{1/(n−2)} there). Global coordinate systems for the stan-

bI am grateful to J.-P. Nicolas for allowing me to use his electronic figure.^{78} cA generalisation of the Walker extension technique to arbitrary Killing horizons can be found in Ref. 85.

4 P.T. Chruściel

Fig. 1. The Carter-Penrose diagram for the Kruskal-Szekeres space-time with mass M. There are actually two asymptotically flat regions, with corresponding event horizons defined with respect to the second region. Each point in this diagram represents a twodimensional sphere, and coordinates are chosen so that light-cones have slopes plus minus one.

dard maximal analytic extensions can be found in Ref. 67. The isometric embedding, into six-dimensional Euclidean space, of the t = 0 slice in a (5 + 1)–dimensional Tangherlini solution is visualised in Figure 2.

One of the features of the metric (1.1) is its stationarity, with Killing vector field X = ∂_t. A Killing field, by definition, is a vector field the local flow of which preserves the metric. A space–time is called stationary if there exists a Killing vector field X which approaches ∂_t in the asymptotically flat region (where r goes to ∞, see below for precise definitions) and generates a one parameter groups of isometries. A space–time is called static if it is stationary and if the stationary Killing vector X is hypersurface-orthogonal, i.e. X^♭ ∧ dX^♭ = 0, where

X^♭ = X_μdx^μ = g_{μν} X^ν dx^μ .

A space–time is called axisymmetric if there exists a Killing vector field Y , which generates a one parameter group of isometries, and which behaves like a rotation: this property is captured by requiring that all orbits 2π periodic, and that the set {Y = 0}, called the axis of rotation, is non-empty. Killing vector fields which are a non-trivial linear combination of a time translation and of a rotation in the asymptotically flat region are called stationaryrotating, or helical. Note that those definitions require completeness of orbits of all Killing vector fields (this means that the equation ẋ = X has a global

Black Holes 5

Fig. 2. Isometric embedding of the space-geometry of a (5 + 1)–dimensional Schwarzschild black hole into six-dimensional Euclidean space, near the throat of the Einstein-Rosen bridge r = (2m)^{1/3} , with 2m = 2. The variable along the vertical axis asymptotes to ≈ ±3.06 as r tends to infinity. The right picture is a zoom to the centre of the throat. The corresponding embedding in (3 + 1)–dimensions is known as the Flamm paraboloid.

solution for all initial values), see Refs. 22 and 51 for some results concerning this question.

In the extended Schwarzschild space-time the set {r = 2m} is a null hypersurface E , the Schwarzschild event horizon. The stationary Killing vector X = ∂_t extends to a Killing vector X̂ in the extended spacetime which becomes tangent to and null on E , except at the ”bifurcation sphere” right in the middle of Figure 1, where X̂ vanishes. The global properties of the Kruskal–Szekeres extension of the exterior Schwarzschild^d spacetime, make this space-time a natural model for a non-rotating black hole.

There is a rotating generalisation of the Schwarzschild metric, also discussed in the chapter by R. Price in this volume, namely the two parameter family of exterior Kerr metrics, which in Boyer-Lindquist coordinates take

dThe exterior Schwarzschild space-time (1.1) admits an infinite number of non-isometric vacuum extensions, even in the class of maximal, analytic, simply connected ones. The Kruskal-Szekeres extension is singled out by the properties that it is maximal, vacuum, analytic, simply connected, with all maximally extended geodesics γ either complete, or with the curvature scalar R_{αβγδ} R^{αβγδ} diverging along γ in finite affine time.

6 P.T. Chruściel

the form

g = −

Δ − a^2 sin^2 θ Σ dt^2 −

2a sin^2 θ(r^2 + a^2 − Δ) Σ dtdφ + + (r^2 + a^2)^2 − Δa^2 sin^2 θ Σ sin^2 θdφ^2 + Σ Δ dr^2 + Σdθ^2 . (1.8)

Here

Σ = r^2 + a^2 cos^2 θ , Δ = r^2 + a^2 − 2mr = (r − r_+)(r − r_−) ,

and r_+ < r < ∞, where

r_± = m ± (m^2 − a^2)^{12} .

The metric satisfies the vacuum Einstein equations for any real values of the parameters a and m, but we will only discuss the range 0 ≤ a < m. When a = 0, the Kerr metric reduces to the Schwarzschild metric. The Kerr metric is again a vacuum solution, and it is stationary with X = ∂_t the asymptotic time translation, as well as axisymmetric with Y = ∂_φ the generator of rotations. Similarly to the Schwarzschild case, it turns out that the metric can be smoothly extended across r = r_+, with {r = r_+} being a smooth null hypersurface E in the extension. The simplest extension is obtained when t is replaced by a new coordinate

v = t +

�_r

r_+

r^2 + a^2 Δ dr , (1.9)

with a further replacement of φ by

ϕ = φ +

�_r

r_+ a Δ dr . (1.10)

It is convenient to use the symbol ĝ for the metric g in the new coordinate system, obtaining

ĝ = − � 1 − 2mr Σ � dv^2 + 2drdv + Σdθ^2 − 2a sin^2 θdϕdr + (r^2 + a^2)^2 − a^2 sin^2 θΔ Σ sin^2 θdϕ^2 −

4amr sin^2 θ Σ dϕdv . (1.11)

In order to see that (1.11) provides a smooth Lorentzian metric for v ∈ R and r ∈ (0, ∞), note first that the coordinate transformation (1.9)-(1.10) has been tailored to remove the 1/Δ singularity in (1.8), so that all coefficients are now analytic functions on R × (0, ∞) × S^2. A direct calculation of the determinant of ĝ is somewhat painful, a simpler way is to proceed

Black Holes 7

as follows: first, the calculation of the determinant of the metric (1.8) reduces to that of a two-by-two determinant in the (t, φ) variables, leading to det g = − sin^2 θΣ^2. Next, it is very easy to check that the determinant of the Jacobi matrix ∂(v, r, θ, ϕ)/∂(t, r, θ, φ) is one. It follows that det ĝ = − sin^2 θΣ^2 for r > r_+. Analyticity implies that this equation holds globally, which (since Σ has no zeros) establishes the Lorentzian signature of ĝ for all positive r.

Let us show that the region r < r_+ is a black hole region, in the sense of (1.6). We start by noting that ∇r is a causal vector for r_− ≤ r ≤ r_+, where r_− = m − √ m^2 + a^2. A direct calculation using (1.11) is again somewhat lengthy, instead we use (1.8) in the region r > r_+ to obtain there

ĝ(∇r, ∇r) = g(∇r, ∇r) = g^{rr} = 1 g_{rr} = Δ Σ = (r − r_+)(r − r_−)

r^2 + a^2 cos^2 θ

. (1.12)

But the left-hand-side of this equation is an analytic function throughout the extended manifold R×(0, ∞)×S^2, and uniqueness of analytic extensions implies that ĝ(∇r, ∇r) equals the expression at the extreme right of (1.12). (The intermediate equalities are of course valid only for r > r_+.) Thus ∇r is spacelike if r < r_− or r > r_+, null on the “Killing horizons” {r = r_±}, and timelike in the region {r_− < r < r_+}. We choose a time orientation so that ∇r is future pointing there.

Consider, now, a future directed causal curve γ(s). Along γ we have dr ds = γ̇^i∇_ir = g_{ij}γ̇^i∇^j r = g(γ̇, ∇r) < 0

in the region {r_− < r < r_+}, because the scalar product of two future directed causal vectors is always negative. This implies that r is strictly decreasing along future directed causal curves in the region {r_− < r < r_+}, so that such curves can only leave this region through the set {r = r_−}. In other words, no causal communication is possible from the region {r < r_+} to the “exterior world” {r > r_+}.

The Schwarzschild metric has the property that the set g(X, X) = 0, where X is the “static Killing vector” ∂_t, coincides with the event horizon r = 2m. This is not the case any more for the Kerr metric, where we have

g(∂_t, ∂_t) = ĝ(∂_v , ∂_v) = ĝ_{vv} = − � 1 − 2mr r^2 + a^2 cos^2 θ � , and the equation ĝ(∂_v , ∂_v) = 0 defines a set called the ergosphere:

r̊_± = m ± � m^2 − a^2 cos^2 θ ,

see Figures 3 and 4. The ergosphere touches the horizons at the axes of

8 P.T. Chruściel

Fig. 3. A coordinate representation^{81} of the outer ergosphere r = r̊_+, the event horizon r = r_+, the Cauchy horizon r = r_−, and the inner ergosphere r = r̊_− with the singular ring in Kerr space-time. Computer graphics by Kayll Lake.^{66}

symmetry cos θ = ±1. Note that ∂r̊_±/∂θ ≠ 0 at those axes, so the ergosphere has a cusp there. The region bounded by the outermost horizon r = r_+ and the outermost ergosphere r = r̊_+ is called the ergoregion, with X spacelike in its interior. We refer the reader to Refs. 15 and 79 for an exhaustive analysis of the geometry of the Kerr space-time.

Fig. 4. Isometric embedding in Euclidean three space of the ergosphere (the outer hull), and part of the event horizon, for a rapidly rotating Kerr solution. The hole arises due to the fact that there is no global isometric embedding possible for the event horizon when a/m > √ 3/2.^{81} Somewhat surprisingly, the embedding fails to represent accurately the fact that the cusps at the rotation axis are pointing inwards, and not outwards. Computer graphics by Kayll Lake.^{66}

The hypersurfaces {r = r_±} provide examples of null acausal boundaries. Causality theory shows that such hypersurfaces are threaded by a

Black Holes 9

family of null geodesics, called generators. One checks that the stationaryrotating Killing field X + ωY , where ω =^a_{2mr+} , is null on {r > r_+}, and hence tangent to the generators of the horizon. Thus, the generators are rotating with respect to the frame defined by the stationary Killing vector field X. This property is at the origin of the definition of ω as the angular velocity of the event horizon.

Higher dimensional generalisations of the Kerr metric have been constructed by Myers and Perry.^{76}

In the examples discussed so far the black hole event horizon is a connected hypersurface in space-time. In fact,^{13, 25} there are no static vacuum solutions with several black holes, consistently with the intuition that gravity is an attractive force. However, static multi black holes become possible in presence of electric fields. The list of known examples is exhausted by the Majumdar-Papapetrou black holes, in which the metric g and the electromagnetic potential A take the form

g = −u^{−2}dt^2 + u^2(dx^2 + dy^2 + dz^2) , (1.13) A = u^{−1}dt , (1.14)

with some nowhere vanishing function u. Einstein–Maxwell equations read then ∂u ∂t = 0 ,

∂^2u ∂x^2 + ∂^2u ∂y^2 + ∂^2u ∂z^2

= 0 . (1.15)

Standard MP black holes are obtained if the coordinates x^μ of (1.13)–(1.14) cover the range R×(R^3 \{⃗a_i}) for a finite set of points ⃗a_i ∈ R^3, i = 1, . . . , I, and if the function u has the form

u = 1 + I� i=1 m_i |⃗x − ⃗a_i|

, (1.16)

for some positive constants m_i. It has been shown by Hartle and Hawking^{54} that every standard MP space–time can be analytically extended to an electro–vacuum space–time with a non–empty black hole region. Higherdimensional generalisations of the MP black holes, with very similar properties, have been found by Myers.^{75}

1.2. Λ ≠ 0

So far we have assumed a vanishing cosmological constant Λ. However, there is interest in solutions with Λ ≠ 0: Indeed, there is strong evidence that we live in a universe with Λ > 0. On the other hand, space-times

10 P.T. Chruściel

with a negative cosmological constant appear naturally in many models of theoretical physics, e.g. in string theory.

In space-time dimension four, examples are given by the generalised Kottler and the generalised Nariai solutions

ds^2 = − � k − 2m r − Λ 3 r^2 � dt^2 + dr^2 k −^{2m}_r −^Λ_3 r^2

+ r^2dΩ^2_k , k = 0, ±1 ,

(1.17)

ds^2 = − � λ − Λr^2 � dt^2 + dr^2 λ − Λr^2

+ |Λ|^{−1}dΩ^2_k , k = ±1 , kΛ > 0 , λ ∈ R

(1.18)

where dΩ^2_k denotes a metric of constant Gauss curvature k on a twodimensional compact manifold^2M. These are static solutions of the vacuum Einstein equation with a cosmological constant Λ. The parameter m ∈ R is related to the Gibbons-Hawking mass of the foliation t = const, r = const.

As an example of the analysis in this context, consider the metrics (1.17) with k = 0 and Λ = −3:

ds^2 = − � r^2 − 2m r � dt^2 + dr^2 r^2 −^{2m}_r

+ r^2(dφ^2 + dψ^2) , (1.19)

with φ and ψ parameterising S^1. If m > 0 there is a coordinate singularity at r = (2m)^{1/3}; an extension can be constructed as in (1.3) by replacing the coordinate t with

v = t + f(r) , f^′ = 1 r^2 −^{2m}_r

. (1.20)

This leads to a smooth Lorentzian metric for all r > 0,

ds^2 = − � r^2 − 2m r � dv^2 + 2dvdr + r^2(dφ^2 + dψ^2) . (1.21)

We have now an exterior region r > (2m)^{1/3}, a black hole event horizon at r = (2m)^{1/3}, and a black hole region for r < (2m)^{1/3}.

Similarly when λΛ > 0 the metrics (1.18) have an exterior region defined by the condition r > � λ/Λ. A procedure similar to the above leads to an extension across an event horizon r = � λ/Λ. Note that the asymptotic behavior of metrics (1.18) is rather different from that of metrics (1.17).

The Kottler examples can be generalised to higher dimensions as follows:^{10} Let M = R × (r_0, ∞) × N^{n−1}, with N := N^{n−1} compact, and with metric of form:

g_m = −V dt^2 + V^{−1}dr^2 + r^2g_N , (1.22)

Black Holes 11

where g_N is any Einstein metric, Ric_{gN} = λg_N , with g_N scaled so that λ = ±(n − 2) or 0. Then for V = V (r) given by

V = c + r^2 − (2m)/r^{n−2} , (1.23)

with c = ±1 or 0 respectively, g_m is a static solution of the vacuum Einstein equations, with Ric_{gm} = −ng_m. When appropriately extended, the resulting space-times possess an event horizon at the largest positive root r_0 of V (r).

It turns out that the collection of static vacuum black holes with a negative cosmological constant is much richer than the one with Λ = 0. This is due to rather different asymptotic behavior of the solutions. An elegant way of capturing this asymptotic behavior, due to Penrose,^{82} proceeds as follows (for notational simplicity we assume that Λ < 0 has been scaled as in (1.23)): Replacing in (1.22) the coordinate r by x = 1/r one obtains g_m = x^{−2}g̃_m, where

g̃_m = −(1 + cx^2 − 2mx^n)dt^2 + dx^2 1 + cx^2 − 2mx^n

+ g_N . (1.24)

We are interested in the metric g̃_m for r ≥ r_0 with some large r_0, this corresponds to x small, 0 < x ≤ x_0 := 1/r_0. The surprising fact is that

g̃_m extends by continuity to a smooth Lorentzian metric on the set x ∈ [0, x_0].

It is then natural to look for static vacuum metrics of the form x^{−2}g̃, with g̃ smoothly extending to the conformal boundary at infinity {x = 0}. Such metrics will be called conformally compactifiable. In Refs. 2 and 3 the following is shown: write g̃|_{x=0} as −α^2dt^2 + g_N , where g_N is a Riemannian metric on N, with ∂_tα = ∂_tg_N = 0. Then:

(1) Let g̊_N be a Riemannian metric, with sectional curvatures equal to minus one, on the compact manifold N. Then for all t-independent (α, g_N ) close enough to (1,g̊_N ) there exists an associated static, vacuum, conformally compactifiable black hole metric.

(2) In space-time dimension n + 1 = 4, for all compact N the set of (α, g_N ) corresponding to conformally compactifiable static vacuum black holes contains an infinite dimensional manifold.

All metrics presented so far in this section were static. A family of rotating stationary solutions, generalising the Myers-Perry solutions to Λ ≠ 0, can be found in Ref. 53.

12 P.T. Chruściel

Rather surprisingly, when Λ < 0 there exist static vacuum black holes in space-time dimension three,^e discovered by Bañados, Teitelboim and Zanelli.^5 The static, circularly symmetric, vacuum solutions take the form

ds^2 = −

� r2

ℓ^2 − m � dt^2 +

� r2

ℓ^2 − m �_{−1} dr^2 + r^2dϕ^2 , (1.25)

where m is related to the total mass and ℓ^2 = −1/Λ. For m > 0, this can be extended, as in (1.3) with V^2 = r^2/ℓ^2 − m, to a black hole space-time with event horizon located at r_H = ℓ √ m. There also exist rotating counterparts of (1.25), discussed in the reference just given.

1.3. Black strings and branes

Consider any vacuum black hole solution (M , g), and let (N, h) be a Riemannian manifold with a Ricci flat metric, Ric(h) = 0. Then the space-time (M ×N, g ⊕h) is again a vacuum space-time, containing a black hole region in the sense used so far. (Similarly if Ric(g) = σg and Ric(h) = σh then Ric(g ⊕ h) = σg ⊕ h.) Objects of this type are called black strings when dim N = 1, and black branes in general. Due to lack of space they will not be discussed here, see Refs. 70, 80 and references therein.

2. Model independent concepts

We now describe a general framework for the notions used in the previous sections. The mathematical notion of black hole is meant to capture the idea of a region of space-time which cannot be seen by “outside observers”. Thus, at the outset, one assumes that there exists a family of physically preferred observers in the space-time under consideration. When considering isolated physical systems, it is natural to define the “exterior observers” as observers which are “very far” away from the system under consideration. The standard way of making this mathematically precise is by using conformal completions, already mentioned above: A pair ( ~M , g̃) is called a conformal completion at infinity, or simply conformal completion, of (M , g) if ~M is a manifold with boundary such that:

(1) M is the interior of ~M , (2) there exists a function Ω, with the property that the metric g̃, defined as Ω^2g on M , extends by continuity to the boundary of ~M , with the extended metric remaining of Lorentzian signature,

eThere are no such vacuum black holes with Λ > 0, or with Λ = 0 and degenerate horizons.^{58}

Black Holes 13

(3) Ω is positive on M , differentiable on ~M , vanishes on the boundary

I := ~M \ M ,

with dΩ nowhere vanishing on I .

(In the example (1.24) we have Ω = x, and I = {x = 0}.) The boundary I of ~M is called Scri, a phonic shortcut for “script I”. The idea here is the following: forcing Ω to vanish on I ensures that I lies infinitely far away from any physical object — a mathematical way of capturing the notion “very far away”. The condition that dΩ does not vanish is a convenient technical condition which ensures that I is a smooth three-dimensional hypersurface, instead of some, say, one- or two-dimensional object, or of a set with singularities here and there. Thus, I is an idealised description of a family of observers at infinity.^f

To distinguish between various points of I one sets

I^+ = {points in I which are to the future of the physical space-time} , I^− = {points in I which are to the past of the physical space-time} .

(Recall that a point p is to the future, respectively to the past, of q if there exists a future directed, respectively past directed, causal curve from q to p. Causal curves are curves γ such that their tangent vector γ̇ is causal everywhere, g(γ̇, γ̇) ≤ 0.) One then defines the black hole region B as

B := {the set of points in M from which no future directed causal curve in ~M meets I^+} .(2.1)

By definition, points in the black hole region cannot thus send information to I^+; equivalently, observers on I^+ cannot see points in B. The white hole region W is defined by changing the time orientation in (2.1).

In order to obtain a meaningful definition of black hole, one needs to assume further that I^+ satisfies a few regularity conditions. For example, if we consider the standard conformal completion of Minkowski space-time, then of course B will be empty. However, one can remove points from that completion, obtaining sometimes a new completion with a non-empty black hole region. (Think of a family of observers who stop to exist at time t = 0, they will never be able to see any event with t > 0, leading to a black hole region with respect to this family.) We shall return to this question shortly.

f We note that the behavior of the metric in the asymptotic region for the black strings and branes of Section 1.3 is not compatible with this framework.

14 P.T. Chruściel

A key notion related to the concept of a black hole is that of future (E^+) and past (E^−) event horizons,

E^+ := ∂B , E^− := ∂W . (2.2)

Under mild assumptions, event horizons in stationary space-times with matter satisfying the null energy condition,

T_{μν} ℓ^μℓ^ν ≥ 0 for all null vectors ℓ^μ, (2.3)

are smooth null hypersurfaces, analytic if the metric is analytic.^{28} This is, however, not the case in the non-stationary case: roughly speaking, event horizons are non-differentiable at end points of their generators. In Ref. 29 a horizon has been constructed which is non-differentiable on a dense set. The best one can say in general is that event horizons are Lipschitz,^{83} semi-convex^{28} topological hypersurfaces.

In order to develop a reasonable theory one also needs a regularity condition for the interior of space-time. This has to be a condition which does not exclude singularities (otherwise the Schwarzschild and Kerr black holes would be excluded), but which nevertheless guarantees a well-behaved exterior region. One such condition, assumed in all the results described below, is the existence in M of an asymptotically flat space-like hypersurface S with compact interior region. This means that S is the union of a finite number^g of asymptotically flat ends S_{ext}, each diffeomorphic to R^n \ B(0, R), and of a compact region S_{int}. Further, either S has no boundary, or the boundary of S lies on E^+ ∪ E^−. To make things precise, for any spacelike hypersurface let g_{ij} be the induced metric, and let K_{ij} denote its extrinsic curvature. A space–like hypersurface S_{ext} diffeomorphic to R^n minus a ball will be called an α-asymptotically flat end, for some α > 0, if the fields (g_{ij} , K_{ij} ) satisfy the fall–off conditions

|g_{ij} −δ_{ij} |+· · ·+r^k|∂_{ℓ1···ℓk} g_{ij} |+r|K_{ij} |+· · ·+r^k|∂_{ℓ1···ℓk−1} K_{ij} | ≤ Cr^{−α} , (2.4)

for some constants C, k ≥ 1. The fall-off rate is typically determined either by requiring that the leading deviations from flatness are identical to those in the Tangherlini solution (1.1) with V given by (1.7), or that the fall-off rate be the same as in (1.7) (which leads to α = n − 2), or by requiring a well-defined ADM mass (which leads to α > (n − 2)/2).

gThere is no loss of generality in assuming that there is only one such region, if S is allowed to have a trapped or marginally trapped boundary. However, it is often more convenient to work with hypersurfaces without boundary.

Black Holes 15

In dimension 3 + 1 there exists a canonical way of constructing a conformal completion with good global properties for stationary space-times which are asymptotically flat in the sense of (2.4) for some α > 0, and which are vacuum sufficiently far out in the asymptotic region, as follows: Equation (2.4) and the stationary Einstein equations can be used^9 to prove a complete asymptotic expansion of the metric in terms of powers of 1/r.^h The analysis in Refs. 37 and 40 shows then the existence of a smooth conformal completion at null infinity. This conformal completion is referred to as the standard completion and will be assumed from now on. It coincides with the completion constructed in the last section for the metrics (1.22).

As already pointed out, an analysis along the lines of Beig and Simon^9 has only been performed so far in dimension 3 + 1, and it is not clear what happens in general, because the proofs use an identity which is wrong in other dimensions. On one hand there sometimes exist smooth conformal completions — we have just constructed some in the previous section. On the other hand, it is known that the hypothesis of smoothness of the conformal completion is overly restrictive in odd space-time dimensions in general^i, though it could conceivably be justifiable for stationary solutions. Whatever the case, we shall follow the I approach here, and we refer the reader to Ref. 19 for a discussion of further drawbacks of this approach, and for alternative proposals.

Returning to the event horizon E = E^+ ∪ E^−, it is not very difficult to show that every Killing vector field X is necessarily tangent to E : indeed, since M is invariant under the flow of X, so is I^+, and therefore also I^−(I^+), and therefore also its boundary E^+ = ∂I^−(I^+). Similarly for E^−. Hence X is tangent to E . the Since both E^± are null hypersurfaces, it follows that X is either null or spacelike on E . This leads to a preferred class of event horizons, called Killing horizons. By definition, a Killing horizon associated with a Killing vector K is a null hypersurface which coincides with a connected component of the set

H(K) := {p ∈ M : g(K, K)(p) = 0 , K(p) ≠ 0} . (2.5)

hIn higher dimensions it is straightforward to prove an asymptotic expansion of stationary vacuum solutions in terms of ln^j r/r^i.

iIn even space-time dimension smoothness of I might fail because of logarithmic terms in the expansion.^{31, 65} In odd space-time dimensions the situation is (seemingly) even worse, because of half-integer powers of 1/r^{57}

16 P.T. Chruściel

A simple example is provided by the “boost Killing vector field” K = z∂_t + t∂_z in Minkowski space-time: H(K) has four connected components H_{ϵδ} := {t = ϵz , δt > 0} , ϵ, δ ∈ {±1} .

The closure H of H is the set {|t| = |z|}, which is not a manifold, because of the crossing of the null hyperplanes {t = ±z} at t = z = 0. Horizons of this type are referred to as bifurcate Killing horizons, with the set {K(p) = 0} being called the bifurcation surface of H(K). The bifurcate horizon structure in the Kruskal-Szekeres-Schwarzschild space-time can be clearly seen in Figure 1.

The Vishveshwara-Carter lemma^{16, 90} shows that if a Killing vector K in an (n+1)–dimensional space-time is hypersurface-orthogonal, K^♭∧dK^♭ = 0, then the set H(K) defined in (2.5) is a union of smooth null hypersurfaces, with K being tangent to the null geodesics threading H, and so is indeed a union of Killing horizons. It has been shown by Carter^{16} that the same conclusion can be reached in asymptotically flat, vacuum, fourdimensional space-times if the hypothesis of hypersurface-orthogonality is replaced by that of existence of two linearly independent Killing vector fields. The proof proceeds via an analysis of the orbits of the isometry group in four-dimensional asymptotically flat manifolds, together with Papapetrou’s orthogonal-transitivity theorem, and does not generalise to higher dimensions without further hypotheses.

In stationary-axisymmetric space-times a Killing vector K tangent to the generators of a Killing horizon H can be normalised so that K = X + ωY , where X is the Killing vector field which asymptotes to a time translation in the asymptotic region, and Y is the Killing vector field which generates rotations in the asymptotic region. The constant ω is called the angular velocity of the Killing horizon H.

On a Killing horizon H(K) one necessarily has ∇^μ(K^ν K_ν ) = −2κK^μ. (2.6) Assuming that the horizon is bifurcate (Ref. 61, p. 59), or that the socalled dominant energy condition holds (this means that T_{μν} X^μX^ν ≥ 0 for all timelike vector fields X) (Ref. 56, Theorem 7.1), it can be shown that κ is constant (recall that Killing horizons are always connected in our terminology), it is called the surface gravity of H. A Killing horizon is called degenerate when κ = 0, and non–degenerate otherwise; by an abuse of terminology one similarly talks of degenerate black holes, etc. In Kerr space-times we have κ = 0 if and only if m = a. All horizons in the multiblack hole Majumdar-Papapetrou solutions (1.13)-(1.16) are degenerate.

Black Holes 17

A fundamental theorem of Boyer shows that degenerate horizons are closed. This implies that a horizon H(K) such that K has zeros in H is non-degenerate, and is of bifurcate type, as described above. Further, a non-degenerate Killing horizon with complete geodesic generators always contains zeros of K in its closure. However, it is not true that existence of a non-degenerate horizon implies that of zeros of K: take the Killing vector field z∂_t + t∂_z in Minkowski space-time from which the 2-plane {z = t = 0} has been removed. The universal cover of that last space-time provides a space-time in which one cannot restore the points which have been artificially removed, without violating the manifold property.

The domain of outer communications (d.o.c.) of a black hole space-time is defined as

⟨⟨M ⟩⟩ := M \ {B ∪ W } . (2.7)

Thus, ⟨⟨M ⟩⟩ is the region lying outside of the white hole region and outside of the black hole region; it is the region which can both be seen by the outside observers and influenced by those.

The subset of ⟨⟨M ⟩⟩ where X is spacelike is called the ergoregion. In the Schwarzschild space-time ω = 0 and the ergoregion is empty, but neither of these is true in Kerr with a ≠ 0.

A very convenient method for visualising the global structure of spacetimes is provided by the Carter-Penrose diagrams. An example of such a diagram is presented in Figure 1.

A corollary of the topological censorship theorem of Friedman, Schleich and Witt^{43, 46, 47} is that d.o.c.’s of regular black hole space-times satisfying the dominant energy condition are simply connected.^{45, 50} This implies that connected components of event horizons in stationary, asymptotically flat, four-dimensional space-times have R × S^2 topology.^{12, 35} The restrictions in higher dimension are less stringent,^{14, 48} in particular in space-time dimension five an R × S^2 × S^1 topology is allowed. A vacuum solution with this horizon topology has been indeed found by Emparan and Reall.^{42} Space-times with good causality properties can be sliced by families of spacelike surfaces S_t, this provides an associated slicing E_t = S_t ∩ E of the event horizon. It can be shown that the area of the E_t’s is well defined,^{28} this is not a completely trivial statement in view of the poor differentiability properties of E . A key theorem of Hawking^{55} (compare Ref. 28) shows that, in suitably regular asymptotically flat space-times, the area of E_t’s is a monotonous function of t. This property carries over to black-hole regions associated to null-convex families of observers, as in Ref. 19.

18 P.T. Chruściel

Vacuum or electrovacuum regions with a timelike Killing vector can be endowed with an analytic chart in which the metric is analytic. This result has often been misinterpreted as holding up-to-the horizon. However, rather mild global conditions forbid timelike Killing vectors on event horizons. The Curzon metric, studied by Scott and Szekeres^{88} provides an example of failure of analyticity at degenerate horizons. One-sided analyticity at static non-degenerate vacuum horizons has been proved recently.^{26} It is expected that the result remains true for stationary Killing horizons, but the proof does not generalise in any obvious way.

3. Classification of asymptotically flat stationary black holes (“No hair theorems”)

We confine attention to the “outside region” of black holes, the domain of outer communications (2.7). For reasons of space we only consider vacuum solutions; there is a similar theory for electro-vacuum black holes.^{17, 18, 23, 24, 95} There also exists a somewhat less developed theory for black hole spacetimes in the presence of nonabelian gauge fields.^{91} Based on the facts below, it is expected that the d.o.c.’s of appropriately regular, stationary, asymptotically flat four-dimensional vacuum black holes are isometrically diffeomorphic to those of Kerr black holes.

(1) The rigidity theorem (Hawking^{44, 55}): event horizons in regular, non– degenerate, stationary, analytic, four-dimensional vacuum black holes are either Killing horizons for X, or there exists a second Killing vector in ⟨⟨M ⟩⟩. The proof does not seem to generalise to higher dimensions without further assumptions.

(2) The Killing horizons theorem (Sudarsky-Wald^{89}): non–degenerate stationary vacuum black holes such that the event horizon is the union of Killing horizons of X are static. Both the proof in Ref. 89, and that of existence of maximal hypersurfaces needed there,^{34} are valid in any space dimensions n ≥ 3.

(3) The Schwarzschild black holes exhaust the family of static regular vacuum black holes (Israel,^{60} Bunting – Masood-ul-Alam,^{13} Chruściel^{25}). The proof in Ref. 25 carries over immediately to all space dimensions n ≥ 3 (compare Refs. 52, 87), with the proviso of validity of the rigidity part of the Riemannian positive energy theorem.^j

jThe proofs of this last theorem, known at the time of writing of this work, require the existence of a spin structure in space dimensions larger than eleven,^{41} though the result

Black Holes 19

(4) The Kerr black holes satisfying

m^2 > a^2 (3.1)

exhaust the family of non–degenerate, stationary–axisymmetric, vacuum, connected, four-dimensional black holes. Here m is the total ADM mass, while the product am is the total ADM angular momentum. The framework for the proof has been set-up by Carter, and the statement above is due to Robinson.^{86} The Emparan-Reall metrics^{42} show that there is no uniqueness in higher dimensions, even if three commuting Killing vectors are assumed; see, however, Ref. 74.

The above results are collectively known under the name of no hair theorems, and they have not provided the final answer to the problem so far even in four dimensions: First, there are no a priori reasons known for the analyticity hypothesis in the rigidity theorem. Next, degenerate horizons have been completely understood in the static case only.

In all results above it has been assumed that the metric approaches the Minkowski one in the asymptotic region. Anderson^1 has shown that, under natural regularity hypothesis, the only alternative concerning the asymptotic behavior for static (3 + 1)–dimensional vacuum black holes are “small ends”, as defined in his work. Solutions with this last behavior have been constructed by Korotkin and Nicolai,^{63} and it would be of interest to prove that there are no others. In higher dimension other asymptotic behaviors are possible, examples are given by the metrics (1.22) with V = c − (2m)/r^{n−2}, and g_N as described there.

Yet another key open question is that of existence of non-connected regular stationary-axisymmetric vacuum black holes. The following result is due to Weinstein:^{93} Let ∂S_a, a = 1, . . . , N be the connected components of ∂S . Let X^♭ = g_{μν} X^μdx^ν , where X^μ is the Killing vector field which asymptotically approaches the unit normal to S_{ext}. Similarly set Y^♭ = g_{μν} Y^μdx^ν , Y^μ being the Killing vector field associated with rotations. On each ∂S_a there exists a constant ω_a such that the vector X +ω_aY is tangent to the generators of the Killing horizon intersecting ∂S_a. The constant ω_a is called the angular velocity of the associated Killing horizon. Define

m_a = −^1_{8π} � ∂S_a ∗dX

♭ , (3.2) L_a = −^1_{4π} � ∂S_a ∗dY

♭ . (3.3)

is expected to hold without any restrictions.

20 P.T. Chruściel

Such integrals are called Komar integrals. One usually thinks of L_a as the angular momentum of each connected component of the black hole. Set

μ_a = m_a − 2ω_aL_a . (3.4)

Weinstein shows that one necessarily has μ_a > 0. The problem at hand can be reduced to a harmonic map equation, also known as the Ernst equation, involving a singular map from R^3 with Euclidean metric δ to the two-dimensional hyperbolic space. Let r_a > 0, a = 1, . . . , N − 1, be the distance in R^3 along the axis between neighboring black holes as measured with respect to the (unphysical) metric δ. Weinstein proves that for nondegenerate regular black holes the inequality (3.1) holds, and that the metric on ⟨⟨M ⟩⟩ is determined up to isometry by the 3N − 1 parameters

(μ_1, . . . , μ_N , L_1, . . . , L_N , r_1, . . . , r_{N−1}) (3.5)

just described, with r_a, μ_a > 0. These results by Weinstein contain the no-hair theorem of Carter and Robinson as a special case. Weinstein also shows that for every N ≥ 2 and for every set of parameters (3.5) with μ_a, r_a > 0, there exists a solution of the problem at hand. It is known that for some sets of parameters (3.5) the solutions will have “strut singularities” between some pairs of neighboring black holes,^{69, 71, 77, 94} but the existence of the “struts” for all sets of parameters as above is not known, and is one of the main open problems in our understanding of stationary–axisymmetric electro–vacuum black holes. The existence and uniqueness results of Weinstein remain valid when strut singularities are allowed in the metric at the outset, though such solutions do not fall into the category of regular black holes discussed so far.

Some of the results above have been generalised to Λ ≠ 0.^{4, 11, 33, 49, 84}

4. Dynamical black holes: Robinson-Trautman metrics

The only known family of vacuum, singularity-free (in the sense described in the previous section), dynamical black holes, with exhaustive understanding of the global structure to the future of a Cauchy surface, is provided by the Robinson-Trautman (RT) metrics.

By definition, the Robinson–Trautman space–times can be foliated by a null, hypersurface orthogonal, shear free, expanding geodesic congruence. It has been shown by Robinson and Trautman that in such a space–time there always exists a coordinate system in which the metric takes the form

ds^2 = −Φ du^2 − 2du dr + r^2e^{2λ}g̊_{ab} dx^a dx^b, x^a ∈^2M, λ = λ(u, x^a), (4.1)

Black Holes 21

g̊_{ab} = g̊_{ab}(x^a), Φ = R 2 + r 12m Δ_gR − 2m r , R = R(g_{ab}) ≡ R(e^{2λ}g̊_{ab}),

m is a constant which is related to the total Bondi mass of the metric, R is the Ricci scalar of the metric g_{ab} ≡ e^{2λ}g̊_{ab}, and (^2M,g̊_{ab}) is a smooth Riemannian manifold which we shall assume to be a two-dimensional sphere (other topologies are considered in Ref. 21).

For metrics of the form (4.1), the Einstein vacuum equations reduce to a single parabolic evolution equation for the two-dimensional metric g = g_{ab}dx^adx^b:

∂_ug = ΔR 12m g . (4.2)

This is equivalent to a non-linear fourth order parabolic equation for the conformal factor λ. The Schwarzschild metric provides an example of a time-independent solution.

The Cauchy data for an RT metric consist of λ_0(x^a) ≡ λ(u = u_0, x^a). Equivalently, one prescribes a metric g_{μν} of the form (4.1) on the null hypersurface {u = u_0, x^a ∈^2M, r ∈ (0, ∞)}. Note that this hypersurface extends up to a curvature singularity at r = 0, where the scalar R_{αβγδ}R^{αβγδ} diverges as r^{−6}. This is a ‘white hole singularity”, familiar from all known black hole spaces-times.

It is proved in Ref. 20 that, for m > 0, every such initial λ_0 leads to a black hole space-time. More precisely, one has the following: For any λ_0 ∈ C^∞(S^2) there exists a Robinson–Trautman space-time (M , g) with a “half-complete” I^+, the global structure of which is shown in Figure 5. Moreover, there exist an infinite number of non-isometric vacuum

� � � � �

� � � � � � � � � �

� � � � �

�

�

r = 0 u = u_0

I^+(r = ∞)

H^+(u = ∞)

Fig. 5. The global structure of RT space-times with m > 0 and spherical topology.

22 P.T. Chruściel

Robinson–Trautman C^5 extensions^k of (M , g) through H^+, which are obtained by gluing to (M , g) any other Robinson–Trautman spacetime with the same mass parameter m, as shown in Figure 6. Each such extension leads to a black-hole space-time, in which H^+ becomes a black hole event horizon. (There also exist an infinite number of C^{117} vacuum RT extensions of (M , g) through H^+ — one such extension can be obtained by gluing a copy of (M , g) to itself. Somewhat surprisingly, no extensions of C^{123} differentiability class exist in general.)

� � � � �

� � � � �

� � � � �

� � � � � � � � � �

� � � � � � �

r = 0

(M , g)

u = u_0 r = ∞

u = ∞ r = 0

u = u_0

r = ∞

Fig. 6. Vacuum RT extensions beyond H^+

5. Initial data sets containing trapped, or marginally trapped, surfaces

Let T be a compact, (n−1)–dimensional, spacelike submanifold in a (n+1)– dimensional space-time (M , g). We assume that there is a continuous choice ℓ of a field of future directed null normals to T , which will be referred to as the outer one. Let e_i, i = 1, · · · , n − 1 be a local ON frame on T , one sets

θ_+ = n−1� i=1 g(∇_{ei} ℓ, e_i) .

Then T will be called future outer trapped if θ_+ > 0, and marginally future outer trapped if θ_+ = 0. A marginally trapped surface lying within a spacelike hypersurface is often referred to as an apparent horizon.

kBy this we mean that the metric can be C^5 extended beyond H^+; the extension can actually be chosen to be of C^{5,α} differentiability class, for any α < 1.

Black Holes 23

It is a folklore theorem in general relativity that, under appropriate global conditions, existence of a future outer trapped or marginally trapped surface implies that of a non-empty black hole region. So one strategy in constructing black hole space-times is to find initial data which will contain trapped, or marginally trapped, surfaces^{6, 8, 38, 39, 68, 72}

It is useful to recall how apparent horizons are detected using initial data: let (S , g, K) be an initial data set, and let S ⊂ S be a compact embedded two-dimensional two-sided submanifold in S . If n^i is the field of outer normals to S and H is the outer mean extrinsic curvature^l of S within S then, in a convenient normalisation, the divergence θ_+ of future directed null geodesics normal to S is given by

θ_+ = H + K_{ij} (g^{ij} − n^in^j ) . (5.1)

In the time-symmetric case θ_+ reduces thus to H, and S is trapped if and only if H < 0, marginally trapped if and only if H = 0. Thus, in this case apparent horizons correspond to compact minimal surfaces within S .

It should be emphasised that the existence of disconnected apparent horizons within an initial data set does not guarantee, as of the time of writing this work, a multi-black-hole spacetime, because our understanding of the long time behavior of solutions of Einstein equations is way too poor. Some very partial results concerning such questions can be found in Ref. 32.

5.1. Brill-Lindquist initial data

Probably the simplest examples are the time-symmetric initial data of Brill and Lindquist. Here the space-metric at time t = 0 takes the form

g = ψ^{4/(n−2)} � (dx^1)^2 + . . . + (dx^n)^2 � , (5.2)

with

ψ = 1 + I� i=1 m_i 2|⃗x − ⃗x_i|^{n−2} . The positions of the poles ⃗x_i ∈ R^n and the values of the mass parameters m_i ∈ R are arbitrary. If all the m_i are positive and sufficiently small, then for each i there exists a small minimal surface with the topology of a sphere which encloses ⃗x_i.^{32} From Ref. 62, in dimension 3+1 the associated maximal

lWe use the definition that gives H = 2/r for round spheres of radius r in threedimensional Euclidean space.

24 P.T. Chruściel

globally hyperbolic development possesses a I^+ which is complete to the past. However I^+ cannot be smooth,^{64} and it is not known how large it is to the future. One expects that the intersection of the event horizon with the initial data surface will have more than one connected component for sufficiently small values of m_i/|⃗x_k − ⃗x_j |, but this is not known.

5.2. The “many Schwarzschild” initial data

There is a well-known special case of (5.2), which is the space-part of the Schwarzschild metric centred at ⃗x_0 with mass m : g = � 1 + m 2|⃗x − ⃗x_0|^{n−2}

�_{4/(n−2)} δ , (5.3)

where δ is the Euclidean metric. Abusing terminology in a standard way, we call (5.3) simply the Schwarzschild metric. The sphere |⃗x−⃗x_0| = m/2 is minimal, and the region |⃗x − ⃗x_0| < m/2 corresponds to the second asymptotic region. This feature of the geometry, as connecting two asymptotic regions, is sometimes referred to as the Einstein-Rosen bridge, see Figure 2.

Now fix the radii 0 ≤ 4R_1 < R_2 < ∞. Denoting by B(⃗a, R) the open coordinate ball centred at ⃗a with radius R, choose points

⃗x_i ∈ Γ_0(4R_1, R_2) := � B(0, R_2) \ B(0, 4R_1) , R_1 > 0 B(0, R_2) , R_1 = 0 ,

and radii r_i, i = 1, . . . , 2N, so that the closed balls B(⃗x_i, 4r_i) are all contained in Γ_0(4R_1, R_2) and are pairwise disjoint. Set

Ω := Γ_0(R_1, R_2) \ � ∪_iB(⃗x_i, r_i) � . (5.4)

We assume that the ⃗x_i and r_i are chosen so that Ω is invariant with respect to the reflection ⃗x → −⃗x. Now consider a collection of nonnegative mass parameters, arranged into a vector as ⃗M = (m, m_0, m_1, . . . , m_{2N} ),

where 0 < 2m_i < r_i, i ≥ 1, and in addition with 2m_0 < R_1 if R_1 > 0 but m_0 = 0 if R_1 = 0. We assume that the mass parameters associated to the points ⃗x_i and −⃗x_i are the same. The remaining entry m is explained below.

Given this data, it follows from the work in Refs.^{27, 36} that there exists a δ > 0 such that if 2N� i=0 |m_i| ≤ δ , (5.5)

Black Holes 25

⃗x_2 = −⃗x_1

⃗x_3 r_1 r_4 R

⃗x_4 = −⃗x_3

⃗x_1

Fig. 7. ”Many Schwarzschild” initial data with four black holes. The initial data are exactly Schwarzschild within the four innermost circles and outside the outermost one. The free parameters are R, (⃗x_1, r_1, m_1), and (⃗x_3, r_3, m_3), with sufficiently small m_a’s. We impose m_2 = m_1, r_2 = r_1, m_4 = m_3 and r_4 = r_3.

then there exists a number m = 2N� i=0 m_i + O(δ^2)

and a C^∞ metric ĝ_{⃗M} which is a solution of the time-symmetric vacuum constraint equation

R(ĝ_{⃗M} ) = 0 ,

such that:

(1) On the punctured balls B(⃗x_i, 2r_i) \ {⃗x_i}, i ≥ 1, ĝ_{⃗M} is the Schwarzschild metric, centred at ⃗x_i, with mass m_i;

(2) On R^n \ B(0, 2R_2), ĝ_{⃗M} agrees with the Schwarzschild metric centred at 0, with mass m;

(3) If R_1 > 0, then ĝ_{⃗M} agrees on B(0, 2R_1) \ {0} with the Schwarzschild metric centred at 0, with mass m_0.

By point (1) above each of the spheres |⃗x − ⃗x_i| = m_i/2 is an apparent horizon.

A key feature of those initial data is that we have complete control of the space-time metric within the domains of dependence of B(⃗x_i, 2r_i)\{⃗x_i} and of R^n \ B(0, 2R_2), where the space-time metric is a Schwarzschild metric.

26 P.T. Chruściel

Because of the high symmetry, one expects that “all black holes will eventually merge”, so that the event horizon will be a connected hypersurface in space-time.

5.3. Black holes and gluing methods

A recent alternate technique for gluing initial data sets is given in Refs. 59. In this approach, general initial data sets on compact manifolds or with asymptotically Euclidean or hyperboloidal ends are glued together to produce solutions of the constraint equations on the connected sum manifolds. Only very mild restrictions on the original initial data are needed. The neck regions produced by this construction are again of Schwarzschild type. The overall strategy of the construction is similar to that used in many previous gluing constructions in geometry. Namely, one takes a family of approximate solutions to the constraint equations and then attempts to perturb the members of this family to exact solutions. There is a parameter η which measures the size of the neck, or gluing region; the main difficulty is caused by the tension between the competing demands that the approximate solutions become more nearly exact as η → 0 while the underlying geometry and analysis become more singular. In this approach, the conformal method of solving the constraints is used, and the solution involves a conformal factor which is exponentially close to one (as a function of η) away from the neck region. It has been shown^{30} that the deformation can actually be localised near the neck in generic situations.

Consider, now, an asymptotically flat time-symmetric initial data set, to which several other time-symmetric initial data sets have been glued by this method. If the gluing regions are made small enough, the existence of a non-trivial minimal surface, hence of an apparent horizon, follows by standard results. This implies the existence of a black hole region in the maximal globally hyperbolic development of the data.

It is shown in Ref. 32 that the intersection of the event horizon with the initial data hypersurface will have more than one connected component for several families of glued initial data sets.

Acknowledgements: The author is grateful to Robert Beig for many useful discussions, to Kayll Lake for comments and electronic figures, and to Jean-Philippe Nicolas for figures. The presentation here borrows heavily on Ref. 7, and can be thought of as an extended version of that work.

Work partially supported by a Polish Research Committee grant 2 P03B 073 24.

Black Holes 27

References 1. M.T. Anderson, On the structure of solutions to the static vacuum Einstein equations, Annales H. Poincaré 1 (2000), 995–1042, gr-qc/0001018.

2. M.T. Anderson, P.T. Chruściel, and E. Delay, Non-trivial, static, geodesically complete vacuum space-times with a negative cosmological constant, JHEP 10 (2002), 063, 22 pp., gr-qc/0211006.

3. , Non-trivial, static, geodesically complete vacuum space-times with a negative cosmological constant II: n ≥ 5, Proceedings of the Strasbourg Meeting on AdS-CFT correspondence (Berlin, New York) (O. Biquard and V. Turaev, eds.), IRMA Lectures in Mathematics and Theoretical Physics, de Gruyter, in press, gr-qc/0401081.

4. L. Andersson and M. Dahl, Scalar curvature rigidity for asymptotically locally hyperbolic manifolds, Annals of Global Anal. and Geom. 16 (1998), 1–27, dgga/9707017.

5. M. Bañados, C. Teitelboim, and J. Zanelli, Black hole in three-dimensional spacetime, Phys. Rev. Lett. 69 (1992), 1849–1851, hep-th/9204099.

6. R. Beig, Generalized Bowen-York initial data, S. Cotsakis et al., Eds., Mathematical and quantum aspects of relativity and cosmology. Proceedings of the 2nd Samos meeting. Berlin: Springer Lect. Notes Phys. 537, 55–69, 2000.

7. R. Beig and P.T. Chruściel, Stationary black holes, Encyclopedia of Mathematical Physics (2005), in press, gr-qc/0502041.

8. R. Beig and N.Ó Murchadha, Vacuum spacetimes with future trapped surfaces, Class. Quantum Grav. 13 (1996), 739–751.

9. R. Beig and W. Simon, On the multipole expansion for stationary space-times, Proc. Roy. Soc. London A 376 (1981), 333–341.

10. D. Birmingham, Topological black holes in anti-de Sitter space, Class. Quantum Grav. 16 (1999), 1197–1205, hep-th/9808032.

11. W. Boucher, G.W. Gibbons, and G.T. Horowitz, Uniqueness theorem for anti–de Sitter spacetime, Phys. Rev. D30 (1984), 2447–2451.

12. S.F. Browdy and G.J. Galloway, Topological censorship and the topology of black holes., Jour. Math. Phys. 36 (1995), 4952–4961.

13. G. Bunting and A.K.M. Masood–ul–Alam, Nonexistence of multiple black holes in asymptotically euclidean static vacuum space-time, Gen. Rel. Grav. 19 (1987), 147–154.

14. M. Cai and G.J. Galloway, On the topology and area of higher dimensional black holes, Class. Quantum Grav. 18 (2001), 2707–2718, hep-th/0102149.

15. B. Carter, Global structure of the Kerr family of gravitational fields, Phys.

Rev. 174 (1968), 1559–1571.

16. , Killing horizons and orthogonally transitive groups in space–time, Jour. Math. Phys. 10 (1969), 70–81.

17. , Black hole equilibrium states, Black Holes (C. de Witt and B.

de Witt, eds.), Gordon & Breach, New York, London, Paris, 1973, Proceedings of the Les Houches Summer School.

18. , The general theory of the mechanical, electromagnetic and thermodynamic properties of black holes, General relativity (S.W. Hawking and W. Is-

28 P.T. Chruściel

rael, eds.), Cambridge University Press, Cambridge, 1979, pp. 294–369. 19. P.T. Chruściel, Black holes, Proceedings of the Tübingen Workshop on the Conformal Structure of Space-times, H. Friedrich and J. Frauendiener, Eds., Springer Lecture Notes in Physics 604, 61–102 (2002), gr-qc/0201053.

20. , Semi-global existence and convergence of solutions of the Robinson- Trautman (2-dimensional Calabi) equation, Commun. Math. Phys. 137 (1991), 289–313.

21. , On the global structure of Robinson–Trautman space–times, Proc.

Roy. Soc. London A 436 (1992), 299–316.

22. , On completeness of orbits of Killing vector fields, Class. Quantum Grav. 10 (1993), 2091–2101, gr-qc/9304029.

23. , “No Hair” Theorems – folklore, conjectures, results, Differential Geometry and Mathematical Physics (J. Beem and K.L. Duggal, eds.), Cont. Math., vol. 170, AMS, Providence, 1994, pp. 23–49, gr–qc/9402032.

24. , Uniqueness of black holes revisited, Helv. Phys. Acta 69 (1996), 529–552, Proceedings of Journés Relativistes 1996, Ascona, May 1996, N. Straumann,Ph. Jetzer and G. Lavrelashvili (Eds.), gr-qc/9610010.

25. , The classification of static vacuum space–times containing an asymptotically flat spacelike hypersurface with compact interior, Class. Quantum Grav. 16 (1999), 661–687, gr-qc/9809088.

26. , On analyticity of static vacuum metrics at non-degenerate horizons, Acta Phys. Pol. B36 (2005), 17–26, gr-qc/0402087.

27. P.T. Chruściel and E. Delay, On mapping properties of the general relativistic constraints operator in weighted function spaces, with applications, Mém. Soc. Math. de France. 94 (2003), 1–103, gr-qc/0301073v2.

28. P.T. Chruściel, E. Delay, G. Galloway, and R. Howard, Regularity of horizons and the area theorem, Annales Henri Poincaré 2 (2001), 109–178, grqc/0001003.

29. P.T. Chruściel and G.J. Galloway, Horizons non–differentiable on dense sets, Commun. Math. Phys. 193 (1998), 449–470, gr-qc/9611032.

30. P.T. Chruściel, J. Isenberg, and D. Pollack, Initial data engineering, Commun. Math. Phys. (2005), in press, gr-qc/0403066.

31. P.T. Chruściel, M.A.H. MacCallum, and D. Singleton, Gravitational waves in general relativity. XIV: Bondi expansions and the “polyhomogeneity” of Scri, Phil. Trans. Roy. Soc. London A 350 (1995), 113–141.

32. P.T. Chruściel and R. Mazzeo, On “many-black-hole” vacuum spacetimes, Class. Quantum Grav. 20 (2003), 729–754, gr-qc/0210103.

33. P.T. Chruściel and W. Simon, Towards the classification of static vacuum spacetimes with negative cosmological constant, Jour. Math. Phys. 42 (2001), 1779–1817, gr-qc/0004032.

34. P.T. Chruściel and R.M. Wald, Maximal hypersurfaces in stationary asymptotically flat space–times, Commun. Math. Phys. 163 (1994), 561–604, gr– qc/9304009.

35. , On the topology of stationary black holes, Class. Quantum Grav. 11 (1994), L147–152.

36. J. Corvino, Scalar curvature deformation and a gluing construction for the

Black Holes 29

Einstein constraint equations, Commun. Math. Phys. 214 (2000), 137–189. 37. S. Dain, Initial data for stationary space-times near space-like infinity, Class.

Quantum Grav. 18 (2001), 4329–4338, gr-qc/0107018.

38. , Initial data for two Kerr-like black holes, Phys. Rev. Lett. 87 (2001), 121102, gr-qc/0012023.

39. , Trapped surfaces as boundaries for the constraint equations, Class.

Quantum Grav. 21 (2004), 555–574, Corrigendum ib. p. 769, gr-qc/0308009. 40. T. Damour and B. Schmidt, Reliability of perturbation theory in general relativity, Jour. Math. Phys. 31 (1990), 2441–2453.

41. A. Degeratu and M. Stern, The positive mass conjecture for non-spin manifolds, math.DG/0412151.

42. R. Emparan and H.S. Reall, A rotating black ring in five dimensions, Phys.

Rev. Lett. 88 (2002), 101101, hep-th/0110260.

43. J.L. Friedman, K. Schleich, and D.M. Witt, Topological censorship, Phys.

Rev. Lett. 71 (1993), 1486–1489, erratum 75 (1995) 1872.

44. H. Friedrich, I. Rácz, and R.M. Wald, On the rigidity theorem for spacetimes with a stationary event horizon or a compact Cauchy horizon, Commun. Math. Phys. 204 (1999), 691–707, gr-qc/9811021.

45. G.J. Galloway, On the topology of the domain of outer communication, Class.

Quantum Grav. 12 (1995), L99–L101.

46. , A “finite infinity” version of the FSW topological censorship, Class.

Quantum Grav. 13 (1996), 1471–1478.

47. G.J. Galloway, K. Schleich, D.M. Witt, and E. Woolgar, Topological censorship and higher genus black holes, Phys. Rev. D60 (1999), 104039, grqc/9902061.

48. , The AdS/CFT correspondence conjecture and topological censorship, Phys. Lett. B505 (2001), 255–262, hep-th/9912119.

49. G.J. Galloway, S. Surya, and E. Woolgar, On the geometry and mass of static, asymptotically AdS spacetimes, and the uniqueness of the AdS soliton, Commun. Math. Phys. 241 (2003), 1–25, hep-th/0204081.

50. G.J. Galloway and E. Woolgar, The cosmic censor forbids naked topology, Class. Quantum Grav. 14 (1996), L1–L7, gr-qc/9609007.

51. D. Garfinkle and S.G. Harris, Ricci fall-off in static and stationary, globally hyperbolic, non-singular spacetimes, Class. Quantum Grav. 14 (1997), 139– 151, gr-qc/9511050.

52. G.W. Gibbons, D. Ida, and T. Shiromizu, Uniqueness and non-uniqueness of static black holes in higher dimensions, Phys. Rev. Lett. 89 (2002), 041101.

53. G.W. Gibbons, H. Lu, Don N. Page, and C.N. Pope, Rotating black holes in higher dimensions with a cosmological constant, Phys. Rev. Lett. 93 (2004), 171102, hep-th/0409155.

54. J.B. Hartle and S.W. Hawking, Solutions of the Einstein–Maxwell equations with many black holes, Commun. Math. Phys. 26 (1972), 87–101.

55. S.W. Hawking and G.F.R. Ellis, The large scale structure of space-time, Cambridge University Press, Cambridge, 1973.

56. M. Heusler, Black hole uniqueness theorems, Cambridge University Press, Cambridge, 1996.

30 P.T. Chruściel

57. S. Hollands and R.M. Wald, Conformal null infinity does not exist for radiating solutions in odd spacetime dimensions, (2004), gr-qc/0407014.

58. D. Ida, No black hole theorem in three-dimensional gravity, Phys. Rev. Lett.

85 (2000), 3758–3760, gr-qc/0005129.

59. J. Isenberg, R. Mazzeo, and D. Pollack, Gluing and wormholes for the Einstein constraint equations, Commun. Math. Phys. 231 (2002), 529–568, grqc/0109045.

60. W. Israel, Event horizons in static vacuum space-times, Phys. Rev. 164 (1967), 1776–1779.

61. B.S. Kay and R.M. Wald, Theorems on the uniqueness and thermal properties of stationary, nonsingular, quasi-free states on space-times with a bifurcate horizon, Phys. Rep. 207 (1991), 49–136.

62. S. Klainerman and F. Nicolò, On local and global aspects of the Cauchy problem in general relativity, Class. Quantum Grav. 16 (1999), R73–R157.

63. D. Korotkin and H. Nicolai, A periodic analog of the Schwarzschild solution, (1994), gr-qc/9403029.

64. J.A. Valiente Kroon, On the nonexistence of conformally flat slices in the Kerr and other stationary spacetimes, (2003), gr-qc/0310048.

65. , Time asymmetric spacetimes near null and spatial infinity. I. Expansions of developments of conformally flat data, Class. Quantum Grav. 21 (2004), 5457–5492, gr-qc/0408062.

66. K. Lake, http://grtensor.org/blackhole.

67. , An explicit global covering of the Schwarzschild-Tangherlini black holes, Jour. Cosm. Astr. Phys. 10 (2003), 007 (5 pp.).

68. S. Lȩski, Two black hole initial data, (2005), gr-qc/0502085. 69. Y. Li and G. Tian, Regularity of harmonic maps with prescribed singularities, Commun. Math. Phys. 149 (1992), 1–30.

70. J.M. Maldacena, Black holes in string theory, Ph.D. thesis, Princeton, 1996, hep-th/9607235.

71. V.S. Manko and E. Ruiz, Exact solution of the double-Kerr equilibrium problem, Class. Quantum Grav. 18 (2001), L11–L15.

72. D. Maxwell, Solutions of the Einstein constraint equations with apparent horizon boundary, (2003), gr-qc/0307117.

73. C.W. Misner, K. Thorne, and J.A. Wheeler, Gravitation, Freeman, San Fransisco, 1973.

74. Y. Morisawa and D. Ida, A boundary value problem for the five-dimensional stationary rotating black holes, Phys. Rev. D69 (2004), 124005, grqc/0401100.

75. R.C. Myers, Higher dimensional black holes in compactified space-times, Phys. Rev. D35 (1987), 455–466.

76. R.C. Myers and M.J. Perry, Black holes in higher dimensional space-times, Ann. Phys. 172 (1986), 304–347.

77. G. Neugebauer and R. Meinel, Progress in relativistic gravitational theory using the inverse scattering method, Jour. Math. Phys. 44 (2003), 3407–3429, gr-qc/0304086.

78. J.-P. Nicolas, Dirac fields on asymptotically flat space-times, Dissertationes

Black Holes 31

Math. (Rozprawy Mat.) 408 (2002), 1–85.

79. B. O’Neill, The geometry of Kerr black holes, A.K. Peters, Wellesley, Mass., 1995.

80. A.W. Peet, TASI lectures on black holes in string theory, Boulder 1999:

Strings, branes and gravity (J. Harvey, S. Kachru, and E. Silverstein, eds.), World Scientific, Singapore, 2001, hep-th/0008241, pp. 353–433.

81. N. Pelavas, N. Neary, and K. Lake, Properties of the instantaneous ergo surface of a Kerr black hole, Class. Quantum Grav. 18 (2001), 1319–1332, grqc/0012052.

82. R. Penrose, Zero rest-mass fields including gravitation, Proc. Roy. Soc. London A284 (1965), 159–203.

83. , Techniques of differential topology in relativity, SIAM, Philadelphia, 1972, (Regional Conf. Series in Appl. Math., vol. 7).

84. J. Qing, On the uniqueness of AdS spacetime in higher dimensions, Annales Henri Poincaré 5 (2004), 245–260, math.DG/0310281.

85. I. Rácz and R.M. Wald, Global extensions of spacetimes describing asymptotic final states of black holes, Class. Quantum Grav. 13 (1996), 539–552, grqc/9507055.

86. D.C. Robinson, Uniqueness of the Kerr black hole, Phys. Rev. Lett. 34 (1975), 905–906.

87. M. Rogatko, Uniqueness theorem of static degenerate and non-degenerate charged black holes in higher dimensions, Phys. Rev. D67 (2003), 084025, hep-th/0302091.

88. S.M. Scott and P. Szekeres, The Curzon singularity. II: Global picture, Gen.

Rel. Grav. 18 (1986), 571–583.

89. D. Sudarsky and R.M. Wald, Mass formulas for stationary Einstein Yang- Mills black holes and a simple proof of two staticity theorems, Phys. Rev. D47 (1993), 5209–5213, gr-qc/9305023.

90. C.V. Vishveshwara, Generalization of the “Schwarzschild Surface” to arbitrary static and stationary metrics, Jour. Math. Phys. 9 (1968), 1319–1322.

91. M.S. Volkov and D.V. Gal’tsov, Gravitating non-Abelian solitons and black holes with Yang–Mills fields, Phys. Rep. 319 (1999), 1–83, hep-th/9810070.

92. M. Walker, Bloc diagrams and the extension of timelike two–surfaces, Jour.

Math. Phys. 11 (1970), 2280–2286.

93. G. Weinstein, The stationary axisymmetric two–body problem in general relativity, Commun. Pure Appl. Math. XLV (1990), 1183–1203.

94. , On the force between rotating coaxial black holes, Trans. of the Amer.

Math. Soc. 343 (1994), 899–906.

95. , N-black hole stationary and axially symmetric solutions of the Einstein/Maxwell equations, Commun. Part. Diff. Eqs. 21 (1996), 1389–1430.