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Abstract

We study the behavior near the singularity t=0 of Gowdy met-
rics. We prove existence of an open dense set of boundary points near
which the solution is smoothly “asymptotically velocity term domi-
nated” (AVTD). We show that the set of solutions which are AVTD
near the whole boundary and which satisfy a uniformity condition is
open in the set of all solutions. We analyse in detail the asymptotic
behavior of “power law” solutions at the (hitherto unchartered) points
at which the asymptotic velocity equals zero or one. Several other
related results are established.
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1 Introduction

The Gowdy family of space-times [8] constitutes an interesting toy model to
study formation of singularities in general relativity. This family of metrics
is sufficiently simple to hope to analyse the resulting singularities in an
exhaustive way. It is sufficiently non-trivial so that the relevant dynamical
behavior has not been understood so far. The questions of interest are
the curvature blow-up — or lack thereof — at the boundary ¢ = 0 of the
associated space-time, as well as existence of Cauchy horizons. The reader
is referred to [6] for a further discussion of this issue, we simply note that
the relevant geometric information can be obtained by deriving a sharp
asymptotic expansion of the solutions near the singular set t = 0. The main
purpose of this work is to prove a stability result for the existence of such
expansions.

In Gowdy space times the essential part of the Einstein equations reduces
to a nonlinear wave-map-type system of equations [8] for a map x from
(M, gap) to the hyperbolic plane (#,hap), where M = [T,0) x S! with
the flat metric ¢ = —dt? + df?. The solutions are critical points of the
Lagrangean

1
Lla] =5 /M tg* hapOat“ Opa” ddt . (1.1)



This differs from the usual wave-map Lagragean by a supplementary mul-
tiplicative factor . It is sometimes convenient to use coordinates P, @ € R
on the hyperbolic plane in which the hyperbolic metric hy, takes the form

h = dP? + 2P dQ>. (1.2)

Let Xt = at,X@ = 89, D denote the Levi-Civita connection of hg,,, and
Dy = D9 = Dx,, Di = 5; := Dx,. The Euler-Lagrange equations for (1.1)
take the form

D
= Dt

DX: DXy Xy
—_—— = — — 1-
Dt Do t (13)

or, in coordinates,
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where the I'’s are the Christoffel symbols of hyp, and O = 92 — 33. Global
existence of smooth solutions on (—o0,0) of the Cauchy problem for (1.3)
has been established by V. Moncrief [13].

For further use we note the non-vanishing Christoffel symbols of h:

Too=—€¢, TP, =Tgp= (1.4)
In the (P, Q) coordinates one thus has
o P
P —0pP ===+ ((0Q - (%Q)°) .
%Q - 05Q = —t—Q —2(0POQ ~ 9 POQ) .

We consider solutions defined on sets (a, b, tg), where
to<0, a<b, Q(abto —{t0<t<0 a—i—tSHSb—t} (1.5)

(see Figure 1). Thus our analysis is local, if the solution satisfies certain
properties on an interval [a,b] C S', then the conclusions hold on that
interval. Throughout this work we assume that the initial data for the map
x at to are smooth functions of §. We prove the following theorem (the
Geroch group is defined in Section 4; the position function ¢, is defined by
Equation (3.24)):



a+t0 b_to

Figure 1: The set Q(a, b, tp).

THEOREM 1.1 Let (i(to,-), X(to,-)) be Cauchy data for a solution of the
Gowdy equations on Q(a, b, ty) such that the associated solution & has uni-
formly controlled blow-up; by this we mean that

y4 V4
sup (Z DX+ ytk+1D§Xt|> (t,0) =100, (1.6)
O€la—[tlb+tl] \ —p k=1

with £ = 2, and with X; in (1.6) equal to Owx, etc. There exists n > 0 such
that for all initial data (z(to,-), X¢(to,")) satisfying

(2 (to, ) — &(to, ), Xe(to, ") — Xe(to, )l msguz <1
the associated solution x also satisfies (1.6), and further the following holds:

(i) For all 6 € [a,b] the function [tX|(t,0) converges to a velocity function
v(0) as t tends to zero, uniformly in 6.

(ii) There exists an open dense set on which v is smooth.

(iii) [a,b] can be covered by a finite number of intervals [a;,b;] with the
following property: for each i there exists an element G; of the Ge-
roch group such that G;x has a smooth velocity function 0 < v < 1
and a smooth position function ¢, except perhaps on the boundary
of the set {v(#) = 0}. Further Gz satisfies a power law blow-up,
Equation (8.20).

iv) In the associated space-time the curvature scalar Rygs owWs U
iv) In th jated space-time th t lar Ropys R blows up
in finite proper time on every causal curve approaching

B = {0} x (Ja,b] \ {v(0) =1}) x % x S! .

'We equip Q(a,b,to) with the Riemannian metric dt® + d6?, this together with the
metric h on 5% induces Riemannian metrics on all the bundles involved. We use those
metrics to measure the distance between points on those bundles.




In particular the associated Gowdy space-time is inextendible across

B.

REMARK 1.2 Actually it suffices to have a sequence t; — 0 along which (1.6)
holds. A recent result of Ringstrom [18]2 can be used to lower to £ = 1 the
threshold /¢ in (1.6).

The proof of Theorem 1.1 can be found at the end of Section 12.

It is of interest to enquire whether the uniform blow-up condition (1.6)
is necessary for AVTD behavior of the solutions. Consider, for example,
an AVTDgP’Q) solution, as defined in Section 3, for which the error terms
in (3.5)-(3.6) and in their derivative counterparts (see (3.10)) are uniform
in 6. If vy is strictly smaller than one (no negative lower bound assumed),
then the solution satisfies (1.6)%. This shows in particular that the set of
solutions satisfying the hypotheses of Theorem 1.1 is not empty, as existence
of a large class of AVTDgf’Q) solutions satisfying v; < 1 follows from the
results in [14].

The second main result of this work is the proof that for every solution
there exists an open dense set 2 C S! near which we have complete control
of the solution:

THEOREM 1.3 Consider a solution x defined on (a,b,to). There exists an

open dense set Qc [a,b] such that x is AVTDg’Q) i a neighborhood of
{0} x Q.

The examples discussed in Section 3 show that the result is sharp, with
the following proviso: the known examples have a velocity function defined
everywhere, even at points where it is not continuous, while Theorems 1.3
and 12.1 leave open the possibility of existence of points where the veloc-
ity is not defined. Such points (if any) are characterised in point (i) of
Proposition 12.3.

The third main result of this paper is an exhaustive analysis of the
asymptotic behavior of power-law solutions at points at which v vanishes,

2The results presented in [18] have been made available as a preprint [17] while this
paper was being prepared for publication.

3This follows immediately from Proposition 1.4 together with the calculations of the
proof of Lemma 8.7. For points 6 at which v1 > 1 one expects Q to have vanishing
derivatives, compare point (ii) of Proposition 3.1 and Theorem 10.2. Then, if v1(6y) > 1
and if 95Qwe(fo) = 0, i = 1,2, 3, then (3.5)-(3.6) and their derivative counterparts give
pointwise decay of the function appearing under the sup at the left-hand-side of (1.6), but
uniformity is far from being clear.



or equals one. This last case is especially important for the discussion of
strong cosmic censorship, we refer the reader to [6] for applications. We
note that no results concerning those velocities were available so far in the
non-polarised case.

The results discussed above are established through a series of auxiliary
results which have some interest in their own. We say that a solution = sat-
isfies a power law blow-up, or is of power-law type, or is a power-law solution,
if the norm of the theta derivatives vector | Xy| does not blow up faster than
|t|¢~1, for some positive constant ¢, when approaching the singularity ¢ = 0.
All solutions of the smooth Cauchy problem on 7T analysed in detail so far
satisfy? a power law decay.

It is simple to show that every solution with a power law decay has a
continuous asymptotic velocity function v (see the proof of Theorem 8.3
below). The associated solutions of the vacuum Einstein equations have
curvature blowing up uniformly, except perhaps at the set of points 6 at
which v(f#) = 1. Consider the set of initial data for solutions satisfying
a power law decay and for which v < 1, uniformly in 8. We show — see
Theorem 11.1 below — that this set is open in the set of all initial data; this
is one of the steps of the proof of Theorem 1.1. We further show that for
those solutions v is smooth except perhaps at the boundary of the set of
points at which v vanishes. Theorem 11.1 leads to a sharper version of the
stability of the singularity theorem for (2/3,2/3,—1/3) Kasner metrics, see
Theorem 9.1.

An important element of our analysis is the action of the Geroch group,
as defined in Section 4. In fact, the key ingredients of our analysis are the
results in [4] together with the following:

(i) The analysis of the action of the Geroch group in the work of Rendall
and Weaver [15];

(ii) The reformulation of the wave-map equations as a first-order system
of scalar equations by Christodoulou and Tahvildar-Zadeh [3];

(iii) The small-derivatives stability result of Ringstrém [16].

We finish this introduction by recalling some results from [4] which will
be useful in the sequel:

“More precisely, the examples known to us satisfy a power law decay on all sets C’?O (¥)
as defined in Equation (2.3) below. The constants are uniform in ¢ away from the points
at which the asymptotic velocity has spikes, or discontinuities, or crosses zero or one. At
the end of Section 2 we give an explicit self-similar solution that does not satisfy the power
law decay, but this solution does not fit into a Cauchy problem framework.



PROPOSITION 1.4 (Time-weighted pointwise estimates; Proposition 3.2.1 in [4])
Let x(tg,0) € CF(SY), k > 1, X,(to,0) € C*~1(S). For allt >ty we have

. 2
() (XX ) (2 0) < 2 {upyetor 41000010 (1Kl + 1 X0 ) (b0, )} (4)°.

(ii) If k > 2, then there exist constants C' depending only upon the argu-
ments listed such that, for all 1 < |a| <k,

|D%2|(,8) < C|al,to, | Xo(to) | crat-1 | Xe(to) | cron-) £ 71 (1.7)

REMARK 1.5 It has been pointed out to us by H. Ringstrom that the proof
of Proposition 3.2.1 in [4] (compare [4, Equation (3.2.5)] together with the
argument leading to Equation (3.2.9) there) actually gives an inequality
somewhat stronger than (i) above:

2
(fo) (X2 + 1X0)(8,0) <

1
s{ s G- XPtew)+ s X+ Xol(te,v) )
YE[I—t+to,0+t—to] YE[—t+to,0+t—to]

(1.8)

Equation (1.8) carries more information about the solution than the in-
equality in (i), which can be seen e.g. when the initial data have small
f-derivatives.

PROPOSITION 1.6 (Time-weighted Sobolev decay; Proposition 3.3.1 in [4]) Let
x € C([to,0) x S) and let Xgy(to,-), Xi(to,+) € H;(S1), i > 1. Then there
exist constants depending only upon the arguments listed such that

(i) Foralll <|a|<i+1,
§0) = § dOIHPNDl? < Cllal, IXolto)lm, sty 1Xetio) i, iyt

(ii) If at least one differentiation is a 0 differentiation we have

im o(® (4) =
%E)%g (t) = 0.

(iii) If at least one differentiation is a 6 differentiation then g(Tz|(t) € L([to,0])
and

Og(a)(s) /
P84y < ol to 1 X0l 51 1 Xu0) g5
0
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Figure 2: The truncated domains of dependence Cf (1).

2 Problems with 6 derivatives, self-similar solu-
tions

As already mentioned in the introduction, all published solutions of the
Gowdy equations known to us, and for which the asymptotic behavior is
reasonably well understood [4, 5, 10, 14-16], have the property that

tXy| < Ct€ (2.1)

for some € > 0, with the bound being optimal?. The power law is very
useful for the control of the analytic properties of the solutions, but it is
not necessary for curvature blow-up. In any case the bound (2.1) certainly
implies, for all ¢ € S,

/ | Xp2dtdf < oo, (2.2)
Ch ()

where for ¢y < 0 the set Cf) (¢) is defined as (compare Figure 2)
Cp()={to <t <0, —Jt|] <6—¢ <|t]}. (2:3)
We shall say that th?O )/ =aif
lim sup |f(t,0) —a]=0. (2.4)
=0 | <o-y<|t]

Such limits look a little awkward at first sight; however, they arise naturally
when considering the behavior of the geometry along causal curves with
endpoints on the boundary ¢ = 0. Further, such limits appear naturally in
our results below.

We have a partial converse to (2.1):



PROPOSITION 2.1 (Proposition 3.4.1 in [4]) At every v at which (2.2) holds
we have, for all multi-indices c,

limcgo(w)\tUa'“]DaXM =0.

REMARK 2.2 In Section 6 below we give further integral conditions which
ensure pointwise convergence of [tX;| to a number v(1). Yet another crite-
rion for existence of v(v) is given by Proposition 12.3.

Proposition 2.1 begs the question of existence of solutions for which (2.2)
fails. An obvious candidate is given by self-similar solutions:

x(t,0) =y(0/t), (2.5)

for some map y from M to the hyperbolic space. It would be of interest to
find all solutions satisfying (2.5). Here we note the following family of such
solutions: let a,3 € R and let I' : R — JZ be an affinely parameterised
unit-speed geodesic in 7, for || < —t set

x(t,0) = F(a arcsin (g) + ﬁ) . (2.6)

It is easily checked that (2.6) solves the Gowdy equation (1.3). Equa-
tion (2.2) fails for the solution (2.6) when o # 0, as expected. It turns
out that the solutions (2.6) do not fit into the Cauchy problem framework
because they are singular on the whole light cone |§| = —t, while the so-
lutions we are interested in are smooth at ¢ = t3. Singular solutions can
sometimes be used to produce smooth examples of bad behavior, but we
have not managed to exploit this solution to do that. In view of our stabil-
ity results here it would be important to construct a solution of the Cauchy
problem where (2.2) fails, or to prove that such solutions do not exist.

3 AVTD, behavior, spikes and discontinuities

In [5,11, 14] a large class of solutions of (1.3) has been constructed with the
following behavior:

P(t,0) = —v (@)t +Pu(d) +o(1), 0<uvi() <1, (3.1)
Qt0) = Qul0) + [t (vo(0) +o(1)) - (3:2)



A generalisation of those formulae to arbitrary velocities requires a careful
study of the field equations. For instance, an analysis of the indicial ex-
ponents of the linearised equations suggests the following behavior of () at
points where v() = n € N* (compare [6] for n = 1)°

t2n
(2n)!

Q(t,0) = Quo()+ 95" Qoo (0) In[t] + Y (0)t*" + o(t*™) . (3.3)
While there is no existence statement for solutions with a non-zero coeffi-
cient in the In |t| term above, we expect that such solutions can actually be
constructed. We note that if v € N* on an interval, then no log term will
occur on that interval.

Applying the “solution-generating transformation” (3.19) described be-
low to (3.3) at a point at which one further has Q) () = 0 leads to a solution
(P',Q’") with a negative P-velocity v}(f) = —n and with a logarithmically
blowing-up @Q function

Q'(t,0) = 2= <(21W8§"Qm(9)ln|t|+wQ(0)>—|—o(1). (3.4)

The above discussion suggests that the following will capture the asymptotic
behavior of a large class of solutions of the Gowdy equations:

P(t,0) = —vi(0)In|t|+ Px(8) +0(1), (3.5)
122 (1 (0) +o(1) ) 0<vi(6) £N;
Q0 = Quo(f)+ ‘t‘%lw) Qm(0) In|t| +vg(0) + 0(1)) , 0<v1(0) eN;
Qum (@) Int| +o(1) v1(0) € =N* ;
o(1), —N*ZFv(0) <0.
(3.6)

The function
v = |uy] (3.7)

will be called the wvelocity function, while Qo Will be called the Q-position
function. Those functions have the following geometric interpretation [9]:
for v > 0 the path

T — Fg(T) = (P(—eiT, 0), Q(—eiT, 0))

®The expected a priori estimate |t D§Xs| — 0 implies that 9;Qos0(8) = 0 for i =
1,...,2n — 1, which is implicit in (3.3).

10



approaches — in a sense made precise by (3.5)-(3.6) — the affinely parame-
terised h-geodesic

7 = Ty(r) = (1(0)T — 2(0), Qe (0)) ,

with v - the length of the velocity vector of I'y. The point Qoo(0) is then
the uniquely defined point on the conformal boundary of the hyperbolic
space at which the geodesic fg accumulates. Clearly this interpretation
breaks down at v(6) = 0, which suggests that solutions might display strange
features, not necessarily compatible with (3.5)-(3.6), at the boundary of the
set {v(0) = 0}.

We shall say that a map z = (P, Q) is in the AVTD(PQ) class if there
exist functions v1, Qs, and @y, such that

P(t,0) = —un (@)l +0(1), (3.8)
[ Quel0) +0(1) oL g —N* :
Qo) = {@ammm+wawwam me-n. (69

We shall say that a solution is in the AVTD,&P’Q) class if (3.5)-(3.6) hold with
functions vi, Pa, Qoc, Qi and 1g which are of Cy, differentiability class (on
closed intervals the derivatives are understood as one-sided ones at the end
points). For the purposes of the AVTD;CP’Q) definition the function @y, is
assumed to be extended by 0 to the set v;(f) ¢ —N*; we emphasise that
such an extension will not be assumed in Definition 3.4 below. For k > 0 we
will assume that the behavior (3.5)-(3.6) is preserved under differentiation
in the following way:

VO<itj<k ag(tat)i(P(t, 0) + v1(6) In [t| — POO(G)) =o(1), (3.10)

similarly for Q).

Note that the classes AVID(Q) and AVTDE)P’Q) do not coincide.

Unless explicitly stated otherwise the o(1) symbol denotes pointwise con-
vergence to zero ast tends to zero at fized 6. Similarly O(1) means uniformly
bounded in t at fized . An alternative meaning of o(t), which will be some-
times used, is provided by uniform convergence to zero on the set Q(a, b, to)
as defined by (1.5). Yet another possibility is convergence to zero in a
limcgo () Sense, as defined by (2.4); in any case we will make precise state-

ments when needed.
Using the above solutions, Rendall and Weaver [15] have constructed so-
lutions of (1.3) which display “spiky features”. They separate those solutions

11



into two classes, one called “false spikes” and one called “true spikes”. An
instructive example of this behavior is provided by a family of Gowdy maps
discovered by Moncrief [12], and analysed in detail in [4, Appendix B]. They
are given there in terms of the polar coordinates on the hyperbolic space,

h = dp® + sinh? p dyp? | (3.11)

which are related to the (P, Q) coordinates by the formulae®

P

e’ = coshp-+sinhp cosyp
1 —
= 5 (e’(1+cosp) + e P(1—cosy)) , (3.12)
e’Q = sinhp sing. (3.13)
Moncrief’s ansatz
p=pt), e=nl, neN, (3.14)

leads to the following: every solution is uniquely determined by two numbers
Uso € [0,1), poo € R, such that

P = —VUoo In|t| + poo +0(1) . (3.15)

Inserting (3.14)-(3.15) into (3.12) one finds

P(t,0) — —vooln\t]—l—poo—l—ln(u%s("a))—i—o(l), nf #m mod 2T;
’ Voo I [t| — poo + 0(1) nf =m mod 27,
(3.16)
sin(nf) .
0(t,6) — Trcos(n@) T o(1), nf#m mod 2m; (3.17)
0, nf = mod 27.
If we define v; : S — R by the equation
v1(0) == %in% [t| Py, (3.18)

then v; = vy > 0 except at n isolated spike points 0, = (1 + 2m)w/n,
m € NN [1,n], at which v; is equal to —vs < 0. Equation (3.16) shows that
the subleading term in P blows up logarithmically at the spike points, so
that no uniformity in @ for that term can be expected near those points in
norms which control pointwise behavior of P and ). It is interesting that

5We are very grateful to Marsha Weaver for several enlightening discussions concerning
the issues discussed in this section, and for providing us formulae (3.12)-(3.13).

12



even though Qo blows up as one approaches the spike points, it is finite,
actually vanishing, there. Next, even though at each fixed 6 we have

}g% Py(t,0) =0,

there are timelike curves reaching the boundary along which Py does not go
to zero: for example, for n =1,

lim Py(t, 7 4+ ae M) = 0o, lim Py(t, 7 + ae 21 = e
t—0 t—0 2

The above examples provide solutions with an arbitrary finite number of
spikes. Solutions with a countably infinite number of spikes accumulating at
some point fs, € S! can be constructed as follows: Consider an AVTDg’Q)
solution such that the function @ in (3.6) has an infinite number of isolated
zeros 0; accumulating at 6., and such that v; avoids zero in a neighborhood
of 0; the existence of such solutions follows from [14]. Following [15], one
then performs the following “inversion” of the hyperbolic plane:

/ e P
e = Q2 + e 2P Q = Q2 +Qe—2P : (3.19)
This is an isometry of h and therefore maps solutions into solutions. It is
easily seen that (P’,Q’) will have a spike at each of the points 6;, yielding
the desired spiky solution.

The discontinuities discussed so far consisted of isolated points at which
v1 changes sign. Solutions with jumps of v; can be constructed as follows:
consider any AVTD&I:’Q) solution such that the zero set of the function Q.
in (3.6) is a closed interval [a,b], with v; strictly positive near the end
points. As before, the existence of such solutions follows from [14]. It is
easily seen from (3.19) that the velocity function v} associated with the map
2 = (P',Q") will jump from v1(a) to —vi(a) at a, and will be continuous
from the right there. Further, as 6 increases from a to b the new velocity
function v} will continuously attain the value —v;(b) when b is approached
from the left, and jump to v;(b) immediately afterwards.

Clearly, the above behaviors can be combined to give infinite sequences
of pointwise jumps and/or intervals on which v{ is negative, with the set of
discontinuities of v| accumulating at a given point.

In fact, let F C S! or F C [a,b] be any non-empty closed set without
interior, we claim that there exists a smooth function ¢ such that

pr ({0}) =F.

13



In order to see this, let = € F', and let (x_, x4 ) be the largest open interval
containing = which does not meet F' (hence x4+ € F'), we set o(z) = (z —
z_)(x4+ — x). Define

o, x € F,
pr(z) = e~1o(@)  otherwise.

Then g has all the required properties. Using the function g as Qs, with
vy equal, e.g., to the constant function 1/2, after performing an inversion
we obtain a new function v} which equals —1/2 on F, and 1/2 on S1\ F. If
F' is a fat Cantor set one obtains a rather wild set of spikes, with measure
as close as desired to that of S! or that of [a,b] by choosing F suitably.

The spikes discussed so far are called false spikes, as they can be thought
of as an artifact of the (P, Q) coordinate system above: no discontinuous
behavior occurs in the (p, ) representation of the solutions.” However, the
(P, Q) coordinates are very useful when analysing the Gowdy-to-Ernst trans-
formation, because that transformation has a very simple form precisely in
the (P, Q) coordinates: given a solution x = (P,Q) of the Gowdy equa-
tions, one defines a new solution & by performing the “Gowdy-to-Ernst”
transformation [15]:

P = —P —1n |t‘ ) eﬁatQ = _ePaGQ 5 61560@ = _ePatQ : (320)

The new map satisfies again the Gowdy equation (1.3). As shown by Rendall
and Weaver, this has significant consequences: By definition, a true spike is
the image of a false spike after a Gowdy-to-Ernst transformation has been
performed; equation (3.20) shows that any discontinuity in v; leads to a
discontinuity in the velocity ©; associated with the map (]5, Q) For AVTD
solutions this typically leads to a discontinuity in the geometric velocity
function v = |01]. For instance, for the solutions (3.14) the transformation

" Applying isometries of the hyperbolic plane to the solution has the effect of reshuffling
Killing vectors, and can thus be considered as an irrelevant “coordinate transformation”
from the space-time point of view. We note that the isometry (3.19) changes the orienta-
tion of the hyperbolic plane. The accompanying relabeling of the Killing vectors changes
the space-time orientation, leading thus to a non-equivalent solution if a space-time ori-
entation has been chosen. However, we can always perform a second inversion about a
different point, regaining the original orientation. If the map 6 — Qo (0) is surjective,
this will always introduce at least one “false spike” in the transformed solution. In other
words, in the surjective case there will be no (P, Q) representation of the solution without
“false spikes”. This gives some geometric meaning to those.

14



(3.20) leads to

—(1 4 voo) In|t| + poo + 0(1) , nf =7 mod 2T,
(3.21)
which clearly results in a || which is not continuous at nf = 7 mod 27.
We refer the reader to [15, Section 6] for a further discussion of iterations
of the above.
It is interesting to enquire about independence of the conditions (3.8)-
(3.9). It turns out that (3.8) is the key requirement, up to a Gowdy-to-Ernst
transformation:

- —(1 —voo) In|t| — poo — In 1tcos(nb) 4+0(l), nf#m mod 27;
P= 2

PROPOSITION 3.1 (i) At each point 6 at which (3.8) holds with v > 0 we
also have (3.9). If the term O(1) in (3.8) is uniform in 0 over some
interval I then Qo is continuous on I. If further vy is uniformly
bounded away from zero, then the term o(1) in (3.8) is uniform in
6el.

(ii) If vi > 1 on an interval I, with the term O(1) in (3.8) uniform in 6,
then there exists a constant A such that

Vel Q(t0)—i—0A
(we say that = is asymptotically polarised on I ).

(iii) At points 0 or intervals I on which (3.8) holds with vy < 1 the conclu-
sions of point (i) above hold for the Gowdy-to-Ernst transformed map
Z. If vy <0 on I then the conclusion of point (ii) holds for Q. (In the
case of an interval I we assume that the term O(1) in (3.8) is uniform
in6.)

PRrROOF: Point (i) of Proposition 1.4 shows that

-pP
Qi +1Qo] < C(ﬁ;

<o)t (3.22)
Integrating in ¢ one obtains (3.9). If C'(¢) can be made #-independent, then
(D is a uniform limit of continuous functions, and therefore continuous,
which gives (i). If v1(€) > 1, then (3.22) shows that |Qp| tends to zero as ¢
goes to zero, which easily implies that (), is constant over I. This proves
(ii). Applying the Gowdy-to-Ernst transformation (3.20) one finds that the
hatted velocity function 07 associated with P equals 1 — v1, and point (iii)
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follows. O

Let us summarize the properties of the (P, Q) coordinates which follow
from the above:

(i) They provide a simple explicit formula for the Gowdy-to-Ernst trans-
formation;

(ii) They describe faithfully the geometric behavior of the solutions except
near those points at the conformal boundary with ¢ =7 mod 2;

(iii) They describe faithfully the geometric behavior of those solutions on
intervals of # on which v vanishes.

The problem with ¢ = 7 mod 27 above is avoided by turning to the (p, )-
description of the solutions. So, instead of (3.5)-(3.6) we write

p(t,0) = —v(0)In|t| + poo(d) +o(1), (3.23

Mm”¢d@+dU% 0<v(f) & N*;
P(10) = pool®) + 3 12O (o1, (B) Inft] +p(8) + (1)) , (0
of1), v(6) =

m
oz
. *

(We impose the usual restriction that p > 0 so v above is necessarily non-
negative, though in some situations it might be convenient not to do this,
allowing p to be negative, but then identifying the points (p, ¢) with (—p, p—
m).) It follows from (3.12) that the notation v for the p-velocity in (3.23)
is comptatible with (3.5) and (3.7). A map x = (p,¢) will be said to be
AVTD%) on an interval [a, b] if there exist real valued functions v and e,
such that for 6 € [a, b] we have

p(t,8) = —v(@)nlt| +O(1), (3.25)
0(t,0) = oo(B) +o(1). (3.26)

x will be said to be AVTD,(CP’“O) on an interval [a,b] if (3.23)-(3.24) holds
with functions v, poo, Yoo, ¢ and 1, which are C* on [a,b]. For k > 0 the
derivatives are assumed to behave as in (3.10).

Because of the usual polar coordinate singularity at p = 0 the (p, ¥)
coordinates do not always reflect the geometric character of the dynamics
for solutions on intervals on which v(#) = 0.
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We note the following result, which follows immediately from the calcula-
tions in the proof of Proposition 4.2 below. It shows that the only points 8 at
which the distinction between AVTD,(f #) and AVTD;P’Q) behavior matters
are those at which v vanishes (where (p, ¢) might be singular) or at which
Yoo =7 mod 27 (where the restriction of @ to the conformal boundary of
the hyperbolic space is singular):

PROPOSITION 3.2 Let k > 0.

(i) If the map x is AVTD;P’Q) on [a1,b1] with v1 avoiding zero on [ay,b1],
then it is AVTD;;"‘D). Further v mod 27 avoids m on [a1,b1] if v1 >
0, while Yoo =7 mod 27 if v1 < O.

(ii) If the map x is AVTD,(Cp’“D) on lay, bi] with poo mod 27 avoiding ™ on
[a1,b1], then it is AVTD,EP’Q).

REMARK 3.3 We have an obvious equivalent of points (i) and (ii) of Propo-
sition 3.1 for the (p, @) representation of the solutions, with identical proof,
regardless of whether or not ¢, meets 7 mod 2.

What has been said so far in this section leads naturally to the following
definition:

DEFINITION 3.4 A map x : Q(a, b, tg) — 3 will be said to be AVTD, respec-
tively AVTDy, on [a1,b1] C [a,b] if there exists a function v : [a1,b;] — RT
such that:

(i) For every interval I C [a1,b1] on which v vanishes the map x is
AVTDPQ) | respectively AVTDIEJP’Q), near {0} x I, with |v1| =v.

(ii) For every interval I C [a1,b1] on which v has no zeros the map x is
AVTDP%) | respectively AVTD,(CP’W), near {0} x I.

4 The Geroch group and its action

We consider solutions of the Gowdy equations defined on Q(a,b,ty) (see
(1.5)), for some a < b, tg < 0. We fix® once and for all a (P, Q) coordinate
system on (7%, h). Following [7], we define the Geroch group ¥ as the
set of finite strings of the form G = G1Gs - -+ Gy, where each of the G;’s

8We emphasise that there are several coordinate systems (P, Q) in which the metric h
takes the form (1.2), differing from each other by an isometry of h.

17



is either an isometry of (J#,h), denoted by I;, or is a Gowdy-to-Ernst
transformation (3.20), denoted by E. The Geroch group acts on solutions
as follows: First, G1---G), acts on x by first acting with G,, on x, then
acting with G,,—1 on Gz, etc. Next, if x is a solution of (1.3), then we
start by writing it in the (P, Q) coordinate system just chosen. Isometries
act on solutions by composition. This implies that the ¢¥-group product
1115 of two isometries I; and Iy is the composition I; o Is of I} with Is.
The action of a Gowdy-to-Ernst transformation F on a solution is defined
as follows: we integrate (3.20) with the integration constant chosen so that
Q(to, a) = Q(to,a). This leads to the group product E? = Id s, where Id 4
is the identity isometry of the hyperbolic plane. The ¥—group products ET
and [ F, are defined by the above action on solutions.

Let G = G1Gy--- Gy, then any two adjacent Gowdy-to-Ernst trans-
formations can be canceled out, leading to a shorter presentation of G.
Similarly any two adjacent isometries can be replaced by a single isome-
try. This leads eventually to a presentation of G such that isometries and
Gowdy-to-Ernst transformations alternate. The number of Gowdy-to-Ernst
transformations in the resulting presentation of G will be called the order
of GG. Thus, the order of I is zero, the order of E, or IE, or EI, is one, etc.

The behavior near ¢ = 0 of all the known to us solutions of the Cauchy
problem for the Gowdy equations is captured in the definition of the set %
below; the set %, is then a subset of %4 with a genericity condition; we
expect % to be useful in the analysis of the strong cosmic censorship prob-
lem in the class of Gowdy space-times. The following comment is in order
here: as emphasised in the previous section, the (P, Q) variables provide
a parametrization of the hyperbolic space which does not always correctly
reflect the geometric aspects of the asymptotic behavior of the solutions, so
the reader might wonder why to invest so much effort to characterise the
asymptotics of the Gowdy solutions in terms of those variables rather than,
say, the (p, ) variables of (3.11). The answer is that the Gowdy-to-Ernst
transformation takes a simple form in the (P, Q) variables, compare (8.33),
and this is what forces us to carry out the analysis below.

DEFINITION 4.1 1. Let %, be the set of smooth solutions of the Gowdy equa-
tions defined on Q(a,b,to) for which (3.5)-(3.6) holds with some functions
V1, Pao, Qs defined on [a,b], a function g defined on the set {vi > 0},
and a function Q, defined on the set {v1 € Z*}, satisfying the following:

(1) w1 is uniformly bounded.

(ii) v1 is continuous on an open dense subset of [a,b].
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(iii) The restrictions of Qoo to the sets {0 : v1(0) € —N} and {0 : v1(0) €

—N} are continuous functions on those sets.

(iv) The restriction of P to the set {0 : Qoo and vy are continuous at 0}
is a continuous function on this set, similarly for Qi, and q.

(v) At points at which Qi (0) # 0 the error terms o(1) in (3.5)-(3.6) have
the property that they remain o(1) after multiplication by In |t|.

2. We define % to be the subset of %1 consisting of those solutions for
which the sets of discontinuities and of critical points of v1 and of Qo are
finite.

It is an open question whether there exist solutions of the smooth Cauchy
problem for the Gowdy equations which are not in %.
In our analysis below we will need the following:

PROPOSITION 4.2 241 and % are invariant under the action of isometries

of (A3, h).

REMARK 4.3 The arguments of the proof of Theorem 12.1 show that the
set of solutions which are in %4 is stable under the action of the whole
Geroch group. It is not completely clear what happens with the action of
the Geroch group on solutions in %, since the integration of the Q equations
might introduce non-generic behavior.

PROOF: Let ¢ be an isometry of the hyperbolic space into itself. We will
write
i=¢ouz,

and denote by (P, Q) the associated coordinate functions.
If Oy € [a,b] is such that v1(0y) = 0, then continuity of ¢ shows that (3.5)-

(3.6) does hold for (P(t,0),Q(t,0)) at 8, with the new velocity o1 (6p)
0= V1 (9)

Let 7 be the open dense set on which vy is continuous, then ¥ is a
nonempty countable union of open intervals I;, ¥ = U;I;. By definition the

velocity function vy is continuous on each I;. We rewrite the I;’s as
Ii = {’01 > 0}U{’U1 < 0}U{’U1 :0} .
—_— Y Y~
IiJr Ii— IiO
The simplest set to analyse is I;p: for (¢,0) € [tg,0) x Ijp the map x(¢,0)

stays in a compact set, so does ¢ o x for any isometry ¢, and the property
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that (Pso, Qo) are continuous on I is clearly preserved under the action of
isometries.

Let us use the angle ¢ of (3.11) to parameterise the conformal boundary
of the hyperbolic space, then to every point for which v;(f) > 0 we can
assign a unique @ (f) such that the trajectory ¢ — z(t,6) asymptotes to
the point at infinity ¢ (6). From (3.12)-(3.13) we have

0(0) >0 = Quo(8) = 1?3&:@@(2)) , (4.1)
except at
Yoo(f) =7 mod 27 (4.2)

where a more careful analysis is required. We emphasise that a possible
singularity arising here would only reflect the singular behavior of the Q-
parameterisation of the conformal boundary, and not a singularity of ¢ (6):
continuity of ¢, on the set {v > 0} can be established as in Proposi-
tion 3.1, working directly in the (p, ) coordinates, regardless of whether or
not cos(f) = —1. In any case Q is continuous on I;; by hypothesis, and
so is therefore Yoo.
Inverting (3.12)-(3.13) one finds

epzeP+eP(1+Q2)+\/(6—P+6P(1+Q2)>2_1. (4.3)

2 2

(The alternative solution

e_p:€_P+€P2(1+Q2)+\/(6_P+62(1+Q2))2_1 (4.4)

always leads to a negative p. Equations (4.3)-(4.4) reflect the fact that a
point (P, Q) corresponds both to (p, ¢) and (—p, o — ). In the current proof
we follow the usual convention that p > 0.) It follows that

p(t,0) = —v1(0) In [t] + poo(6) + (1) , (4.5)

for some number po(6). Inserting (4.5) into (3.13) one is then led to

E2 O (4,(0) +0(1) ) vi(0) € N*

0) = ou(B
AL Z N 0 (o) ] 06) 4 0(1)) . 0a(8) € N
(4.6)
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for some numbers ¢, (0), ¢in(f). As Y is a continuous function of 6 on I,
continuity in 6 of ps(6) there follows. Continuity of 1, (0) and ¢1,(0) over
the sets I;1 N{v; € N*} and [, N {v; € N*} follows in an identical manner.

Recall, now, that any isometry ¢ of the hyperbolic space extends to a
smooth diffeomorphism of the conformal boundary of (%3, h), say x. This
shows that on the set {v(6) > 0} the solution Z := ¢oz will have a p-position
function

Poo(0) = X((Poo(e)) :
The fact that isometries extend smoothly to the conformal boundary further
shows that the asymptotic behavior (4.5)-(4.6) is preserved under the action
of isometries of the hyperbolic space, so that the map (p, ¢) will satisfy the
hatted version of (4.5)-(4.6) at points with positive v;.

Let 0 be any point such that x (oo (6)) # 7 mod 27. A straightforward
analysis of (3.12)-(3.13) shows that one will recover (3.5)-(3.6) for the map
(P, Q) at 0, with ©,(0) = v1(6) > 0.

Set

Ly = {x(¢po(0)) #7 mod 27} J

Liy4
{3 interval J around 6 such that x o poo|s =7 mod 27} C I;y .

Tiy
Then fi+ is clearly open in I;y. Suppose that 6 € I;; is such that there are
no points of fi++ in a neighborhood of #, then () is constant and equal
to 7 mod 27 on that neighborhood, hence 6 € fH_. It follows that I;, is
dense in I;;.

On I the function $og — 7 avoids integer multiples of 27, and con-
tinuity of 01(0) = v1(#) > 0 on I;; follows. Similarly one obtains a new
continuous position function Qoo by using (4.1) with s there replaced by
Poo-

On the other hand, at points at which ¢, = 7 mod 27 and v; & N* we
have from (3.12)-(3.13) and (4.5)-(4.6)

P,6) = vi(@) It + poo(f) +In (1+W>+0(1), (4.7)

Ot 0) — —%eﬁ<°°>*f’<00>zﬁw(9)+o(1). (4.8)

Analogous equations hold with supplementary In [¢| terms for v; € N*, com-
pare (3.4). This shows that (3.5)-(3.6) hold again, with a negative v;. Fur-
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ther vy is continuous on fi+_. It follows that I;5 contains an open dense set
on which v; is continuous.
Consider, finally, points at which v1(0) < 0. Equation (4.3) leads to

p(t,0) = <—P + 62]3(1:3622) + O(e4p)> (t,0)

= —|v1(0)] In|t| — P (6) + o(1) .

Inserting this into (3.13) yields

el

sinfe) = £ Q =22 (1 ()P 0Q

so that sin(p(t,0)) goes to zero as t does. Equation (3.12) shows that we
must have ¢(t,0) —;0 ™ mod 27 and one obtains, again modulo 27,

) #2101 @12e2P< ) (Que (8) + 0(1)) v ¢ —N*;
PO =T g 02622 0) (@ () ] + Que(8) + (1)) . 2(6) € ~N" .
(For v1(f) € —N* we have used the hypothesis that In |¢| xo(1) remains o(1).)
The calculations done so far show that (3.5)-(3.6) hold for all 6 € [a, b] for
the map ¢ox. A repetition of the arguments given on I, justifies continuity
on an open dense subset of I;_, and the proposition for % easily follows.

The result for % follows immediately from the calculations above, using

the fact that for maps in % all level sets of Qo form a finite collection of
points. O

5 A symmetric hyperbolic system

Let us set

P, = f1, Py= g,
BPQt = fa, €PQ9 = g2-

Equation (1.3) takes then the form of the following first order symmetric
hyperbolic system:

f 0010 fi f%—g%—%f
p) 0001 p) —fifo+g192 — 2
0 = ) t
g 1000 | g |7 0 ’
92 0100 92 f192 — g1 f2
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The new unknowns f,, g, agree with the coefficient functions of 1—forms,
wf, of Christodoulou and Tahvildar-Zadeh’s work on spherically symmetric
wave maps [3], when an appropriate trivialisation of the bundle of vectors
tangent to the hyperbolic space has been chosen: Indeed, if we set

e =0p, ey = e’PﬁQ , (5.2)

then, in view of (1.2), the e,’s form a globally defined h—orthonormal frame
with constant structure coefficients (and thus constant connection coeffi-
cients), and

fa = h(eq, Xt), 9o = h(eq, Xp) .

We consider solutions defined on domains of dependence §2(a, b, ty), de-
fined in (1.5). By Proposition 1.4 we have

sup  ([tfr] + [tf2] + [tgr] + [tga]) < oo (5:3)
Q(a,b,to)
Throughout this work the value of various irrelevant constants may
change from line to line.
Since | Xy|? = g% + g3, Proposition 1.6 implies

b—t
limtﬂg/ t2(g3 +g3)do =0, (5.4)
a+t
bt 1
/ Hg? + g2)dh € L' ([to,0)]) . (5.5)
a+t

We further note that by (1.4) we have

D,quz = (auaup - 62P8#Q81,Q)8p + (a,uauQ + Q,uPV + Qupu)aQ
= (auaup - eQPauQauQ)el =+ ep(auauQ + Q,upu + QUP,LL)€2 )

(5.6)
so that
Dy Xy = (O9g1 — g3)e1 + (Dpg2 + g1g2)e - (5.7)
It then easily follows from (5.3)-(5.5) together with Proposition 1.6 that
b—t
limtao/ t* ((9991)* + (0pg2)?) d6 = 0, (5.8)
a+t
b—t
/ £ ((90g1)* + (9pg2)%) d6 € L ([t0,0)]) . (5.9)
a+t

It turns out that we also have
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ProrosSITION 5.1

b—t
Hmhm/ t2f2dh =0, (5.10)
a+t
b—t
/ tf2d € L*([to,0]) . (5.11)
a+t
PROOF: Let -
F) = [ thas,
a+t
then
dF bt
s tlgr — f1)(t,b—1t) —tlgr + fr)(t,a + 1) + t(fs —93) -
a+t

Now, tf; is bounded, hence so if F', and by integration of the last equation

we obtain
t pb—t t rb—t
// tfgdedtg// tgs dfdt + C
to Ja+t to Ja+t

for all tg <t < 0. Equation (5.5) together with the monotone convergence
theorem imply (5.11). In order to prove (5.10) we calculate

d b—t 5
— t
dt /¢1+t I:

:‘_fﬁuw—w—fﬁwa+w

b—t
+ f2(Opg2 — f1.f2 + 9192)
a+t
b—t
< c<1+/ (\t\3(8egz)2+\t\(f§+g%+g§>)> :
a+t

(5.12)

The function on the right-hand side of the last line is in L'([to, 0]) by (5.5),
(5.9) and (5.11). Integrating (5.12) one concludes that the limit at the
left-hand side of (5.10) exists. If this limit were different from zero (5.11)
couldn’t hold, whence the result. O

We are ready to prove now:
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PROPOSITION 5.2 For k > 0 we have

b—t
limy g / P00 ((0hn)? + (9f92)?) do =0, (5.13)
a+t
b—t
[P (@ho)? + @how?) do € Lifro0) . (.10
a+t
b—t
lim g / #1200 (9F £)2d0 = 0 | (5.15)
a+t
b—t
/ M@ ) € L (10, 0]) (5.16)

PRrROOF: The cases k = 0 have already been established, as well as (5.13) and
(5.14) with £ = 1. A simple induction argument, using the formulae (1.4)
for the Christoffel symbols, shows that

DfXo = (O +Fu@5'g,....0))er+ (094 Gr@f g, 9) )en, (5.17)

where g denotes both g1, g2, while the Fi(:)’s and Gi(+)’s are polynomials
in the variables Jy'g, 0 < m < k — 1 with the number of derivatives and
factors in each of the terms 9;'g - 0%¢ ... 0y" g satisfying

n

n>2, > (im+1)<k+1.

m=1
This, together with Proposition 1.6, proves (5.13) and (5.14).
Next, for £ > 1 we compute

k

Offr=Y Cli, k){DyXy, D "es) (5.18)
=0

since fo = (X}, es). By induction we obtain

Dgeg = <agflg+Fé_1(8§729, . ,g))el + <8gflg+ G2_1(0§72g, . ,g))eg,
(5.19)
where the F}_,(-)’s and G},_,(-)’s have the same property as described above.
Thus
k
H Y0k fol < 37 ORI [1 D e
i=0

k
<O (105 gl + [Fical + |Gical) + [t Dy Xy .
=1
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The proof is completed by combining Proposition 1.6 with Equations (5.13)-
(5.14). 0

6 Existence of a velocity function

Numerical experiments (see [2] and references therein) suggest that the limit
v(f) = PII(I) [tX¢|(t,0) (6.1)

exists, and is a continuous function of 8 except for a “small” exceptional set
of #’s in St. We set

Qt—reg = {0 € S* such that the limit (6.1) exists } , (6.2)

so that v is a well-defined function on £;_,e;. The existence of this limit
is useful when analysing the geometry of the associated space-time. Now
Proposition 5.1 shows that t2f7 goes to zero in L? as t tends to zero, and
since

X * =2 (fF + 13)
the whole information about the limit (6.1) is contained in ¢ f;, except pos-
sibly for a negligible set.

6.1 Existence of a weak velocity function vyeax
We have the following:
PROPOSITION 6.1 There exists vyearx € L(S1) such that for any p € (1, 00)
LP
’t’fl(ta ) — Uweak »
Lp . 1
where = denotes weak convergence in LP(S").

REMARK 6.2 In the proof of Theorem 1.3 we establish existence of an open
dense set Q C S such that vyeax has a smooth representative v on €, with
pointwise convergence to v on €.

PROOF: Let v;(0) = 27°f1(—27%60), then the sequence v; is bounded in
L? and therefore there exists vyeax and a subsequence vi; which converges
weakly t0 Uyeak. Let ¢ be any smooth function on S, we have

o[ the = [ (town— s - )0
= / (—tg1000 — t(f5 — 93)8) -
S1
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Integrating one finds

/ tuf1 (b, 0)6(0)d6 — / t2f1<t2,6)¢<9>d6‘
Sl Sl

t1
[ Cmdns st - o) avar]
to S
Setting t| = —27% and letting j go to infinity one obtains
[ vvea@r000)a8 [ 10ls(02,0)6(0)a8
St St
0
< [ [ Qranons + 11043 + 3)6) asatr
to
Since the integrand in the last line is in L!([to, 0] x S') we obtain

i [ JH(60)0(0)08 = [ vuea(0)6(6)a8
t—0 Jg1 S1

so that |t|f1 converges t0 Uyeak in the sense of distributions. Weak conver-

gence in LP follows by elementary functional analysis, using the fact that

smooth functions are dense in L? for p € (1,00), with p/ — the Holder

conjugate of p. Lower semi-continuity of the norm with respect to weak

convergence implies

[vweakllzr(s1) < lim [|27% f1(=29, )| sy < 27 sup  [tfi
j—00 [t0,0) x 51

so that

||vweak||L°°(S1) < QL sup ||UweakHLp(Sl) < sup [tfi].
T pe[2,00) [t0,0)x S*

O
The information contained in vyeax Seems to be very poor. For instance,
since VUyeak is defined only almost everywhere, one can imagine situations in
which vyeax has a smooth representative, but nevertheless the dynamics has
very rough features at some points. This actually happens in the solutions
with “spikes” discussed in Section 3. In those last examples one has point-
wise convergence of [tX;| everywhere; this suggests that even an exhaustive
understanding of the properties of the velocity function might not be enough

to understand the dynamics of the Gowdy models.
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6.2 From space-time integrals to pointwise velocity

We introduce

Sg7 (1) = r(t, 0 — 1) — ga (b, +1) (6.3)
Qp—reg = {w e S' such that 59% € Ll([to,())) and
/ (f2+ g2 +g3)dtdo < oo} ) (6.4)
9 (¥)

Our aim in this section is to present an integral criterion for pointwise ex-
istence of a velocity function v on g_ee; this will be used later in this
work.

THEOREM 6.3 For every ¢ € Qy_rcg there exists a number v(¢) € R such
that

(recall that limeo (4 has been defined in (2.4)). This implies in particular
0
Q9—reg C Qtfreg .
Moreover for 1 € Qy_reg we have

REMARK 6.4 We remark that for those points ¢ € Qg_cg for which v(¢) # 1
we have curvature blow-up in the associated space-time.

PRrooOF: We have

O(tf1) = gg1 — (L+2tf1)(f5 + g3) + 2t f20092 — 2tg20p f

+4tfgglgg R (67)
O(tfa) = 0Opg2+ fifo+ 9192 — 2t f20p91 + 2tg20s f1
+tfogs — tfagt — tfs +tfifa. (6.8)

In particular

O(tfo)? = 2tfo0(tfo) +2(0,(tf2))* — 239y f2)?
= 2fo0(tf2) — 2t°(0pf2)” + 2t*(Dog2 + f3 — g5)°  (6.9)
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using (5.1). It follows from (2.2), (6.10), Propositions 2.1 and [4, point
b) of Lemma 3.4.1] that for ¢ € Q_,cs the right-hand side of (6.9) is in
L'(C{ (¥)). The dominated convergence theorem applied to the usual inte-
gral representation of solutions of the one-dimensional wave equation,

x+t—s
u(t,z) = u(t, ) / / ,0) dbds ,
s=tg JO=x— t+5

where u is the solution of the free wave equation with the same initial data,
shows that the limit limgo () (tf2)? exists. This limit has to be zero, oth-
0

erwise the integral condition on f; in (6.4) wouldn’t hold. If 5g1p is in

L'([to,0)), then the right-hand side of (6.7) is also in L*(Cf) (¢)), and by a

similar argument limgo ()¢ f1 exists. O
to

We close this section with the following remark:

LEMMA 6.5 In the definition of Qg_reg, the condition

/ f2dtdd < oo can be replaced by / |0 f1] dt df < oo . (6.10)
Ch, () o

0 (W)

Similarly, the condition

/ |(5g1 |dt < oo can be replaced by / |0pg1| dtdf < oo .  (6.11)

to CPOW)
PROOF: Let
Pt
F(t) = / fi(t,0)dé ,
P+t
then
dF Y-t
= htv-n-htero <aegl SRELR —92>
dt P+t |t]

_ —fl(t,w—t)—fl(t,¢+t)+5gi”(t)+/w+t (ﬁ+f2— )

Integration by parts gives the identity
1 vt vt — 0
w(@)dl = u(yp —t) +u(yp +t) + / ——d(0)do,  (6.12)

It Jypte it |

29



so that
dF Y=t S — 0
— = 5g7f(t)+/ (80f1+f22—9§> -
dt Gt 2]

As F' is bounded, integrating in ¢ gives (6.10). Equation (6.11) is obvious.
O

7 Power law in Sobolev spaces

As discussed in the Introduction, and as will be proved below in detail in any
case, a power law inequality (2.1) implies existence of a velocity function.
It turns out that one strategy for establishing (2.1) is to derive a power-law
for t-weighted Sobolev norms. This is done in this section.

It is useful to introduce the following quantities

pr= sup [tfi], pp= sup |tfo], Ao= sup [ftga|.  (7.1)
Q(a1b7t0) Q(avbzto) Q(a’b)to)

These are finite by (5.3). (Recall that Q(a,b,ty) has been defined in (1.5).)
Let tg <t < 0, a < b. Define the k—th order energy Fj(t) by
b—t
Bt = [ 1Y (@57 + Ohe) . (12)
a+t l:1,2

ProrosiTiON 7.1 1. If

2
B:= sup <|tf1| + i2el + 2[tgs| ) <1, (7.3)

Q(a,b,to) 2 V144ltga? +1

then

Ek;(t) < C(to, kaa)’t’2a ) k >1 ) (74)
where

a=1-0. (7.5)

2. Similarly if X

B:= sup max(l—|t|f1,]t|f1) <1 (7.6)

Q(a,b,to)

A~

then (7.4) holds with « =1 — (3 if u1 < 1/2, and with o being any number
strictly smaller than 1 — py if up > 1/2.
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REMARK 7.2 Recall that, at fixed a and b, the constants u; and \; depend
upon tg. In several situations of interest uo and Ao will tend to zero as tg
tends to zero, in which case the essential restriction in (7.3) is that puq be
smaller than one sufficiently close to the singular boundary ¢ = 0.

REMARK 7.3 We note that (7.3) will hold under the slightly stronger but
simpler condition

|t fo |7592)
sup thl+——+—F7F ) <1. 7.7
Qabito) (| 1 2 V2 -7

Proposition 1.4 or Remark 1.5 can be used to replace (7.7) by a condition
on initial data using the Cauchy-Schwarz inequality

12p]

2 ’tgg‘ 1 1
thl+ 22 B2 o 1 S S VAR + [t tgal?
[tfi] + 5 —I—\/§ < +4+2\/|f1| + [tf2|* + |tgo]
< [t X¢| + [t Xg|?
< \ﬁ\/|tXt|2~|—|tX9|2’ <1.

t=to

ProorF: Differentiating Fj(t) in ¢, using the field equations and integrating
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by parts one has

dE(1)
;t = — 2k 2 iZI; ((ag(fi —90)%(t,b—t) + (95 (fi + 9:))*(t,a + 75))
_ Pt ok kop\2 ko2
(2k +2) |t] Z (%9 fi) + (09 gi)°)
a+t i=1,2
2k+2 AL koe2 2 N k k
2t [ (0 053 - 3 - 1)+ g O (g - u )
a+t
+ 05 fo- O (—fif2 + 9192 — %)) do
b—t b—t
<-om [P S @7 - ke [P Y 0
a+t i=1,2 a

+t i=1,2
(7.8)

2P [ (1020 - 0§ 102 — Ot (19)
a+t

+ 92050105 2 — f1(95 f2)* + f1(3592)2)

(7.10)
b—t .
+ W’“*?/ Opu- Y C(i,j,k)u - du . (7.11)
a+t itj=k
i,j>0

In (7.9) and (7.10) we have collected all those terms which contain undif-
ferentiated functions f; or g;. In (7.11) we denote (f;,g;) by u and the
C(i,7,k)’s are the coefficients of k—th binomial expansions; we will ignore
those coeflicients and replace them by an overall constant from now on —
this is sufficient for estimation purposes. Note that when k£ = 1, then (7.11)
does not appear. Mixed terms of the form 853 flag” fo and 3gg16§gg are es-
timated in the obvious way using 2ab < a® + b%. To take advantage of the
different factors in front of the integrals appearing in (7.8) the mixed terms
6;? fﬂg g; are estimated using 2ab < % + ob?. Absorbing all the terms from
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(7.9) and (7.10) into those appearing in (7.8) we obtain

dEy(t) 2%+1 /b 2‘t92’
< — |t 2 2 — i
T It] - (2k = 2|t f1| = [tf2| — ) > (95 1:)?

1=1,2

b—t
e / (2K +2—20thy| — [th] - 20ltgs]) S (Bhi)? db
a+t

i=1,2
b—t
+ [t|**+2C (k) oM - Z . - 8g,u
a+t it+j=k
1,7 >0
For k = 1 this reads
dEl t bt 2 tg?
< [ - 2lenl - el - 222 3 @hs?
t att i=1,2

b—t
e / (4= 20tfi] — [tho] - 20[tea)) 3 (Dhgi)?
a

+t i=1,2

It should be clear from what follows that the choice of 0 = o(t,0) which is
optimal for our purposes is that of equal factors in front of the sums, namely
o= (y/144|tge|> +1)/(2|tg2|). Choosing this value of o leads to

dEy(t) < _2a
i =

E17

with o as in (7.5). This shows that d((—t)2*E;)/dt < 0, and by integration
one obtains

Eq(t) < E(to).

(This inequality holds whatever the sign of «, but for o < 0 it does not
carry any new information.)
To cover the case (7.6) we shall need a Lemma:

LEMMA 7.4 Let

Under (7.6) we have
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PRroOOF: We have

dF(t
O (b0~ (ot 9 (at D)
9 b—t 9 )
w [ = A
‘t’ a+t
23F
< BF() , (7.12)
|
and the result follows by integration as before. O

Returning to the estimation of dE;/dt, assume that (7.6) holds and
consider any of the terms of the form fo dpu Ogu or g2 dgu dgu in (7.9) and
(7.10); they are estimated as

b—t b—t
16C
[t naman] < [ Sttt + 05
a+t a+t 4C €
b—t
€ 16C
< [ Sl + 1
a+t €
EEl(t)

c’ t1—2[3
< S oY,

where in the last line we have used Lemma 7.4; similarly for g. It follows

that dB, (t 2(1
dlt( PP _!/:!1 =Ly C'(e)t|' %,

Multiplying by |t70]2(1*/“*6) and integrating in ¢, one obtains

t2cx

Ei() < (o) |-

with o = pp if g < 1/2, and a any number strictly smaller than 1 — pq if
M1 Z 1/2

The cases k > 2 are established by induction: Suppose, thus, that (7.4)
holds for kK = m — 1; we have already shown that it holds for k = 1. Then
the terms from line (7.11) in %’zm are estimated as

- ‘ b—t , ,
[¢[2m+2 - Z aéu.agugc(tgﬂﬂmﬂ/ Z Opu - Bl
a+t

a+t itj=m itj=m
1,7>0 0<i,g<m
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letting C'(to) = sup g |t|™ 1|95 u|, which is finite by (5.3). Using the in-
duction hypothesis for ¢, j < m on 8gu . 8gu, we get

b—t . b—t ] ) ) )
g+ / S (Ghul - 10u] = [t~ / Sl 05l - [0l
a+t a+t

i+j=m i+j=m
0<i,j<m 0<i,j<m
< Itl_l/ D @) + [ (05u)
att  iyi=m
0<i,j<m
< C(m)|t)Pe 1.

It follows that

dEm(t)< 2(m+a—1)

- En, Za—l 1

Multiplying by | t?o |2(m+a_1)

we obtain

on both sides and integrating over (g, t) in ¢,
t t
En(t) < \%|2(m+a_l)Ek(to) + C(to, m)|t]2mHe=) [ s =2 ds
to
< C(to, m)[t]*,

as claimed. O

COROLLARY 7.5 Under the conditions of Proposition 7.1, there exists a con-
stant C such that

/b ttQ\Xg|2d0 = /b g ((91)% + (92)%) dO < C|t* . (7.14)
a+tt a+t
If

o1 1= Q(cizr,}fto) [t|fr >0, (7.15)
then we also have -

/W 2f3do < Ot (7.16)

with o/ = a if a < o1, or & any number smaller than o1 otherwise.
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ProoF: We calculate

d b—t 5 o
I t°gy = ga(t,b—t) — g3 (t, a+ )
b—t bt
+%/‘£ﬁ+%/ tm(%ﬁ+ﬁm*mﬁ)
a+t

I 17 111

b—t b—t 1 b—t
N ﬂ@+g/ w@+/ URCSE
‘t‘ +t € Ja+t

I
2y [T J 25 <91 /2
|t] It] ¢
T 17

2_9 ! _ b—t
< - M1 € (2 € / th% + C(E, 6/)|t|2cy71 .
|t| a-+t

IN

(7.17)

Choosing ¢, € appropriately and arguing as in the paragraph following (7.13)
one obtains the bound for f L g5. A similar, but simpler, calculation with
g2 replaced by g1 proves (7.16). In order to establish (7.16) we note that

d b—t
S eg = epes ) -2 ay
b—t
+2/ t2f2<3992—f1f2+g192>
att — e 2
I i1 11
b—t b—t )
<o e[ b
a+t € Jatt
I
20, (V7 2 a 2 (2 4 2
- 2 f3 + 91 T 92
i 1, £ R)
11 1
201 —e [Pt
< 2 / 22 + Clet
|t| a+t
and we conclude as before. O
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8 Pointwise power law

We start with the following observation, where a < b is assumed (however,
a = b is allowed in the remaining results of this section):

LEMMA 8.1 (i) Suppose that there exists o > 0 such that

b—t
/ 12X, 20 < C|1|2* . (8.1)
a+t

Then for all multi-indices v we have
b—t 2
[ (i) ds < cwyepe (5.2)
a+t

(i) If [tXg| < C|t|*» then we also have

SUPQ(a,b.10) [tV DY Xo| < C'(w)[t]* . (8.3)

(iii) If the constant o in (8.1) satisfies o > 1/2 then (8.3) holds with oy, =
a—1/2.

PROOF: Equation (8.2) follows by a straightforward adaptation of the proof
of [4, Proposition 3.3.1]. Equation (8.3) is obtained from [4, Remark, p. 73].
To establish point (iii) it remains to show that

sup  |t||Xg] < CJe|*V2 . (8.4)
Q(a7b7t0)
That last inequality is obtained by applying the interpolation inequality
2 13/4 1/4
130ull oo st < ClNOBU T pore sy ] e s
(see, e.g., [1, p. 94]; the condition there that u vanishes on the boundary is
not necessary) to the functions tg;, i = 1, 2. O

Thus, power-law blow-up in Sobolev spaces implies a pointwise one if the
decay rate is larger than 1/2. The unpleasant feature of the above argument
is the loss of 1/2 decay rate in point (iii) of Lemma 8.1. This can be avoided
by working directly with L°° norms, as follows: Consider two fields f,g
satisfying the symmetric hyperbolic set of equations

Oif —Opg = Sy,
0ig—0pf = Sy, (8.5)
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set

,-Ttt[fag] = T@@[f’g] = %(f2 "‘92) ) ,-Ttﬁ[fvg] = Tgt[f,Q] = fga (86)

and define

Julfs 9] = 0u(T,"[f, 9]) - (8.7)
Writing T}, for T,,[f, g], etc, we have the identity [4, Equation (3.2.5)]
t1
Tultr,0) = —5 [ (Geot )(t.0+ 80— 0)+ G = o)t 60 11+ 0))de
to
+% ((Ttt + Ty)(t, 01 + t1 — to) + (Tye + Tyo) (¢, 61 — t1 + to)) :
(8.8)
For (8.5) the j—terms appearing in (8.8) read
—SGetin) = S+ +8,), (5.9
1 1
2o = S~ 98~ 5). (5.10)
If we let (f,g) = (agfl, aggl) we obtain
k
~3Uii = 5@+ ke (U + ok [tk - e+ a)]) |
(8.11)
1 o
—5Ue—Je) = %(%cfl — 1) <Tt{1 + 0f [(f2 —g2)(f2+ gQ)D :
(8.12)
Similarly for (f,g) = (0 f2, 0% g2) one has
8k
3Gt = 5@+ obe (2 - o[t (- w)]) |
(8.13)
814:
~3Ui—in) = 5k~ oke (U - ok [th -+ a)])
(8.14)
We define
Ey(t, ) = sup (T3tl05 f1, 0 1] + Tuel0f f2, O 92]) (5, 6) -
to<s<t, Y+s—t<O0<tp—s+t
(8.15)
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It is useful to note that

Tulf,o) = 3 (7~ 9+ (F +0)?) (3.16)
Define
ur = sup |t(f1tg1). (8.17)
Q(a,b,to)

We have the following pointwise equivalent of Proposition 7.1:

PRrROPOSITION 8.2 Suppose that

sup (- + L+ tor| + /(um + LA+ )2+ 4Jifo + tga?) < 4
Q(a,b,to)

(8.18)
sup <M+ +tf = tgr] + V(g + [Ef1 — tor])? + 4[tfo — 7592|2> <4
Q(a,b,to)
(8.19)
Then there exist constants C, oy, > 0 so that we have the inequality
[tXo| < Ct|* . (8.20)

PROOF: We start by deriving an integral inequality for E; using (8.8). Let
S denote the sum of (8.11) and (8.13) with k = 1:

Oof1 4+ 0pg1 + Op f1 — Do
2[t|

S = ;(39f1+3991)(

+ p [(f2 —g2)(fo + 92)D

O f2 + 0pg2 + 0o f2 — g
2|t]

+%(30f2 + 0pgo) (
- o[- w)(h+ o))
= %[ (Do f1 + Ogg1)* + (Opfo + Oago)* + (Do f1 + Dpg1)(Daf1 — Opg1)

+ (Op.f2 + 09g2)(Op f2 — 5’992)} + %(f2 +92)(90.f1 + 0991)(00.f2 — Dpg2)

%(fl + 91)(06f2 + 0692) (O f2 — Opg2). (8.21)

A formula for the sum of (8.12) and (8.14) can be obtained by changing g,
to —gq in (8.21). We apply Young’s inequality ab < gaQ + ibz to estimate
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the mixed terms (Jgf + Ogg)(Opf — Jpg), using a ¢ which might possibly
depend upon t and . With a little work one finds that the integrand in the
first line of (8.8) can be estimated by the sup, over 6 in the relevant range,
of the quantity

1 c1ltfa + tgal 2
20| [ (1 L S— > (Og f1 + Dpg1)

_ tfo +t
+<1+“+<|tf1+tg1|+M
2 2 C1

tfo —t
+ <1 + W) (Do f1 — Oggn)*

)) (Do.f2 — Dag2)”

|tfo —tgol

1
(1B S (ef — o] +
2 2 C9

) @ora+ 3992)2] (8.22)
If all the factors in front of the derivative squared terms are strictly smaller
than 2, say smaller than or equal to 2 — 2ay, then (8.22) is smaller than
or equal to (4 — 4ay)E1/|t]. From (8.8) applied to E; and from Gronwall’s
Lemma (cf., e.g., [4, Lemma 3.2.3]) one obtains an integral inequality for
FEq, which translates into the inequality

t20 fu| + |t20pga| < C|t|*r . (8.23)

It should be clear that an optimal estimate will be obtained in (8.22) if
c1 = c1(t,0) is chosen so that

2+ g2
c1|f2+92|=u_+\f1 +g1|+‘fclg’,

similarly for co. This gives

1
c1lfa + g2| < B (M— +1fi+ gl + V(e + 1+ a1])? + A4l f +92|2) ,

1
ca|fo — go| < 5 (u+ +1fi =gl + V(g + [f1 — q1])2 + 4] f2 *92|2> ,

with equalities if (fa 4+ g2)(f2 — g2) # 0, and the condition described imme-
diately after equation (8.22) will be satisfied if (8.18)-(8.19) holds.
Equation (5.1) gives
dhgr = O(|t|**7?) , (8.24)

and by integration along rays § =1 + At, A € [—1,1] one obtains on C{, (¢)

ltg1] < C|t]*P .
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Returning to (5.1) one finds
g2 — frg2 = O(|t**~?) (8.25)

which can be integrated to give
3
0>1t2>11 >t 92(t2, ) = el Tl 0)ds g (11, )
¢
+ / Sl Fis0)ds O (|u]»=2)du .

t1

(8.26)

Since |fi| < (1 —+)|In|t|| + C one easily concludes that

g2(t,9) = O(lt[*71) .

Integrating in 8 from ) to 6, at fixed ¢, the desired estimate for g, on C?O (1)
is obtained using (8.23). Since v was arbitrary in [a,b], and since all the
constants were uniform in v, the result follows. O

The main result of this section is the following:

THEOREM 8.3 Suppose that either

tf| 2|tg2|” 1
sup tfil + + <=, (8.27)
Q(ab.to) <‘ 5 V1+4ltge? +1 2

or that (8.18)-(8.19) hold. Then the velocity vyeax has a continuous repre-
sentative v < 1 on [a,b], and the weak convergence in Proposition 6.1 can be
replaced by convergence in sup norm to v. In other words, limy_,o [t X¢|(t, 0)
exists and is a continuous function on |a,b]. Moreover the solution satisfies
a power law blow-up, Equation (8.20).

REMARK 8.4 Further information concerning the properties of the solutions
considered in Theorem 8.3 can be found in Theorem 11.1 below.

ProOOF: Under (8.27) Corollary 7.5 applies, so that the conclusion of Lemma 8.1
point (iii) holds. It now follows from Proposition 8.2 that both under (8.27),
or under (8.18)-(8.19), point (ii) of Lemma 8.1 applies, and thus there exists
€ < 1 such that [tDyXg| + |t Dy X¢| < C|t|”¢. Theorem 8.3 is now a straight-
forward consequence of the following: O
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LEMMA 8.5 Suppose that there exist positive constants C' and oy, such that
on Q(a,b,ty) we have

2Dy Xog| + [t2 Do X;| < C|t*r . (8.28)
Then there exists a continuous function v such that on Q(a,b,ty) it holds
[tX|%(t,0) — v*(0)| < Ot . (8.29)

Further, for every 1 such that (8.28) holds on CP (¢) we also have (8.29)
on CP (¥).

PRrooF: We have

Ot X¢|? = 2h (tXy,tDyXp) . (8.30)
By integration we obtain
t1 t1
|tXt|2(t1,9)—|tXt|2(t2,9) = 8t|tXt|2(s,9)ds = O(sap_l)ds . (8.31)
to to

It easily follows from this equation that
v(0) = 1%ilr% [tX:|(t,0)
exists. By passing to the limit ¢; — 0 in (8.31) we obtain on [tg,0) X [a, b]
0
102(0) — |tX%(t,0)] < / Cs~tds < C'|t|or . (8.32)
t

This shows that [¢X;|(¢,-) converges uniformly to v, and establishes conti-
nuity thereof. The same argument applies on C?O (1) by integrating along
rays 0 = 1)+ At, A € [—1, 1]; one easily checks, using (8.28), that the number
v(1) is A-independent. This, together with the result already established
on [tg,0) X [a,b], establishes (8.29) on Q(a, b, to). O

In terms of the (f, g) variables the Gowdy-to-Ernst transformation (3.20)
takes a remarkably simple form:

. 1 X
f1=—f1—¥, g1 =—g1,
fo=—g2, G=—fr. (8.33)

This transformation immediately leads to the following counterpart of The-
orem 8.3:
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THEOREM 8.6 Suppose that either

t 2|t fo]?
|92|Jr |t f2] ><

1
- 8.34
2 V1+A4ltfa2 +1 2 (8:34)

sup (\tfl + 1]+
Q(a,b,to)

or

sup (ﬂ— +[tfi + 1+ tgr] + V(A + [thi + 1+ tgi])2 + 4]t fo +tg2|2> <4,

Q(a,b,to)
(8.35)
sup (m +th +1—tg|+ V(g + tfi +1—tq|)2 + 4|t fo — t92|2) <4,
Q(a,bﬂfo)
(8.36)
where
fir = sup |tfi+1=%tg.
Q(a,b,to)
Then there exists a continuous function v such that
LA + [tgal* =10 0, (8.37)

uniformly in 0. Further there exist constants C,e > 0 such that we have
[tfol” + [tgr|* < CJt* . (8.38)

In Section 12 below we will see how to iterate the Gowdy-to-Ernst trans-
formation to obtain information on more general solutions.

For further purposes it is convenient to restate the conclusions of Lemma 8.1
as higher derivative estimates for the g,’s and f,’s:

LEMMA 8.7 (i) There exists a constant C' such that

(#5105 fal + [t 1105 gal + [t/ HOF fal + 81107 gl < C . (8.39)
(ii) Under the conditions of point (i) of Lemma 8.1 we have
b—t 2
/ t <|t|l+k+lafﬁéu) o < C(1, k)|t (8.40)
a+

for every l, k > 0 when u = g1, go orl > 1, k>0 when u = f1, fo.
iii) If [t Xg| < C|t|*? then we also have
(iii)
[t+EoFopul < C LK)t (8.41)

with the ranges of the (1, k)’s as in (i1).
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ProoOF: For the purposes of the proof let u stand for any of g, fo.
(i): From (5.17) we have

(0691)% + (9592)* < |DEXo|*> + FE + Gy

then [t|**1|0Fg| < C inductively using part (ii) of Proposition 1.4. For
|t|*+1|0F f.| we compute by induction

DfXG = (afgl + Fk’(ak_luv ceey u))el + (8592 + ék(ak_1u> s ,U))eg,
(8.42)

Dth = (affl +Fk(ak_1f7"'7f))el + (afo +ék(ak_1f7"~af))€2 )
(8.43)

where F,, Gy, Fk, G}, have the same properties as described in the proof of
Proposition 5.2 for F} and Gi. The remaining inequalities follow as before.
(ii): The proof is identical to that of Proposition 5.2.
(iii): We consider the g,’s first. Letting e stand for the basis vectors e,’s
of (5.2), it is sufficient to show

sup \t\i+j|D§D§e| <C, (8.44)
Q(a,b,to)

then the assertion follows from

!
OFdhg = OF0h(Xe,e) =0F Y C(l,§)(D)Xg, Dy 'e)
7=0
= > C(.k,i,j)(D;D}Xg, DF "Dy e)
i=0 j=1
together with Lemma 8.1. Now
Dger = gaea, Dgea = —goer, Dieg = faea, Diea = —foe;, (8.45)

which implies that the Dgea, DFe, are of the form
Dfel = Fk_lel + <8f*1f2 + Gk_1> e, Dfeg = (—8571f2 + F/;_l) e + 62_162 ,
Dfe; = Fy_1eq + (65_192 + ékfl) ez, Des = (—85‘192 + FIQ,J er + Gl jea

with the Fj_1’s, Gp_1’s, etc., of a similar structure as in (5.17). By (8.39)
and by the above expression we see that [t|¥|Dke|, |t|¥|Dfe| are bounded.
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For mixed derivatives of g, we write

DEDyXy = Df ((9hg1 + Fi)er + (9hgo + Ciles)
k
= > 0i(9hg1 + F)Df er + 0}(9hga + G)Df ey
1=0
= (07 0hg1 + OF Fy)er + (0f Ohgo + OF Gy )ea

k—1
+ Z(@Z@égl + afFl)foiel + ((‘Lfaégz + 8§GZ)D5%62
0

~.

above, and in what follows, we ignore constants arising from binomial expan-

sions. From above expression we get [t[¥+*1|0Fd)g| < C inductively using

(8.39) and boundedness of |t|*|Die|. Finally (8.44) follows from writing
DfDje = DE (005 g0 + Frv)er + (005 g + Gior)ea))

k
= (00j0y \ga+ 0L F1_1) D} ey + (60,0 g + 0'G1_1) D} e
1=0

(8.46)
and then using boundedness of [¢[+7+1|8id)g|, |t|’| Diel.
Let us turn now to the fo’s. According to (5.18) we write
!
Opfo=> (D}X4, Dy es),
=0
so that
koo
OFdhf, = Y (DiD}X,, Dy~ Dy e),
=0 j=0
koo ‘ kL -
= Y (DX, Df "' Dhes) + > > (DD} Xy, DF "Dy Vey) D
=0 i=0 j=1

when [ > 1, k > 0. Multiplying by [t|/**'*! we have

k k l
[EF 0RO ol < DM DE T Dhea| + > D T DIDYX| (8.47)
i=0 =0 j=1
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from Proposition 1.4 together with (8.44). Using the expression (8.46) we
get

k—1
H 4 DE Dea] < 37 I (10705 gl + 107" il + 107" Coa ) IDF e

m=0

k—i
<Y (10705 gl + 10 Fia | + 107G )

m=0

from the boundedness of |t|¥| DFe|. The claim on f; follows now from Lemma
8.1 together with the assertions on g. Finally, the result for f; follows from
what has been proved so far together with the equation

O(tfr) =t(Ogg1 + f3 — g3) -

9 Stability of the (3,2, —3) and (1,0, 0) Kasner met-
rics

2 2 1)

The following result extends the singularity stability theorem for the (3, 5, —3
Kasner metrics established in [4], by raising? the stability threshold there
by a factor 63/2/2

THEOREM 9.1 Suppose that

1
sup  t5 (1Xe? +1X0|?) (t0,0) < 3 (9.1)
0€[a—to,b+to]

Then the solution is of power-law type. Further, the curvature scalar Ragngo‘BV‘s
blows up on every causal curve with endpoint on {0} x [a,b] x St x S1. In par-
ticular the associated Gowdy space-time is inextendible across the boundary

{0} x [a,b] x St x S*.

PrROOF: We wish to apply Proposition 8.2. Let ui be defined by (8.17),
using the Cauchy-Schwarz inequality and some rather obvious estimations
we have

e+ |t + o] + (e + |tfL + tgi )2 + A[tfs + tgal?
< V22— + [th +tgr]): + Alt f2 + tgo|?

< 2\@\//& + [tf1 +tgi]? + [tf2 + tgo|? . (9.2)

9A similar result has been recently established by Ringstrém [18].
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This shows that both conditions (8.18)-(8.19) will hold if

sup (]tfl — tgl\z +|tfa — thIQ) <1,
Q(a,b,to)
and if
sup (]tfl + tg1\2 + |tfa —1—th]2) <1.
Q(a,b,to)

It follows from (1.8) that the last inequalities will hold if

sup (A —alP+A+al+f—gl+fo+e0?) <L,
t=to,0€a—|to],b+[tol]

which is equivalent to (9.1). The result follows now from the arguments in
the proofs of Theorem 3.5.1 and Proposition 3.5.2 in [4]. O

REMARK 9.2 We note that the Sobolev decay estimates of Section 7 lead to
a similar somewhat weaker statement, with 1/2 replaced by 4/3/19 in (9.1).
This can be seen as follows: Equation (8.27) will hold under the slightly
stronger but simpler condition

tf2] |t92> 1
sup thl+ —+—F ) < <. 9.3
o (e ) <5 03

The Cauchy-Schwarz inequality,

ltfa| | |tgol

1
’tf1’+T+ S 1+*

V3 1

together with point (i) of Proposition 1.4 show that Theorem 8.3 applies,
and one concludes as before.

1
+ g\/|75fl|2 + [tfa]? + |tge|? ,

The solution
H=1/t], fo=g=g2=0,

of (5.1) corresponds to the flat Kasner metric. Theorem 8.6 similarly implies
complete control of the behavior of the solution for all data in a neighbor-
hood of those for the flat Kasner metric. In this case the geometric inter-
pretation is more complicated, because of occurrence of horizons. A further
discussion of the latter can be found in [6].
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10 Behavior of power-law solutions at v = 0 and
v=1

We consider solutions on Q(a, b, ty) such that
[tXy| < CJt|* (10.1)

for some a;, > 0. It follows from [4, Remark 7.3] and Lemma 8.5 that the
velocity function v exists. The aim of this section is to study the behavior
of such solutions at points, or intervals, on which v vanishes:

THEOREM 10.1 Suppose that (10.1) holds with some oy > 0 and consider
any point ¢ € [a,b] such that v() = 0. Then:

(i) The restriction T := x|co () of x to CP () can be extended to an
0

AVTDg’Q) map from R? to 6.

(ii) If limcgo(w)tagPt =0 for all j € N, then for i,k € N we have
limeg ) OF P = limep QR =0. (10.2)

(iii) Further, if v vanishes on an interval [0;,0,], then the restriction T =
T|0(6,,6,,t0) Of T to (0,05, t0) can be extended by continuity to a smooth
map from R? to 73, with (10.2) holding for all ¥ € [0;,6,].

Theorem 10.1 says, in essence, that x behaves on Cg) (1) as if it arose

from an AVTD&I:’Q) map defined on R?. We emphasize, however, that the
extensions mentioned above might fail to coincide with the original map x
away from Cp) () (for Z), or away from Q(6;,6,,to) (for ). Such a situation
could arise when x has an infinite number of smaller and smaller spikes
accumulating at a point at which v(y) = 0.

Equation (10.2) says, roughly speaking, that P and @) can be thought of
as smooth functions of # and 2 (rather than ¢). This result is relevant to the
question of extendibility of the associated metric across Cauchy horizons. If
hmo?() w)t(’“)gpt = 0 for a finite number of j’s, there will be a certain number

of #’s for which (10.2) will hold.
Using the Gowdy-to-Ernst transformation we obtain immediately the
following counterpart of Theorem 10.1 at v = 1:
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THEOREM 10.2 Suppose that there exist constants C, oy, > 0 such that
tgr| + [tfa] < CJE|* (10.3)

and consider any point v € |a,b] such that vi(1)) = 1. Then the functions
(P,Q) := (P + In [t @)|co (y) can be extended to an AvTDE? map from
0

R? to 4. If limgo (w)tagPt =0 for all j € N, then for all i,k € N we have
to

~ (10.4)
Further, if v1 = 1 on an interval [0;,0,], then the restriction (P,Q) :=

(P + In[t],Q)laew,.0,,t) can be extended to a smooth map from R? to 6,
with (10.4) holding for all ¢ € [0}, 0,].

REMARK 10.3 The vanishing of the last term in (10.4) for all £ > 0 is
somewhat surprising. We emphasise that the power-law condition (10.1) in
Theorem 10.1 is justified for small initial data by Theorem 8.3, and that the
condition (10.3) is justified for initial data near the flat Kasner by Theo-
rem 8.6.

PrROOF OF THEOREM 10.2: The Gowdy-to-Ernst transformed map & sat-
isfies the hypotheses of Theorem 10.1, and therefore (10.2) holds for the
associated functions P and Q. The claim about P in (10.4) is straightfor-
ward. From (3.20) we have

005Q = —|t|9g (62P89Q> ,OTIQ = — 1|} (ezpaté)) . (10.5)

Integrating in ¢ and using (10.2) one obtains (10.4). O

An iteration of isometries and Gowdy-to-Ernst transformations, as in
the proof of Theorem 1.1 below, allows one to control the behavior of x near
points (0,v) at which v(v) € Z, the details are left to the reader.

PrROOF OF THEOREM 10.1: We start with a lemmas:

LEMMA 10.4 Suppose that there exists 0 < ay, such that (10.1) holds. Then
there exists a function v1(0), with |vi| = v, and constants Co(0), a = 1,2,
such that on CP (8) we have

|t|*%, v(0) < 0;
tfa] < Co(0){ [t|"O) + |t|ow, 0 < v1(0) # ap; (10.6)
(1+ }ln|t|‘)|t|”(9)7 v1(0) = ayp.

49



|t|ap> ’U1(¢9) <0;
i =010 < C1O) { [1P2O + 1, 0< (6 £y (107)
e, vi(0) = ay.

The constants Cq(0) are uniformly bounded on compact intervals on which
vy 18 strictly positive, uniformly bounded away from zero.

REMARK 10.5 The examples discussed in Section 3 show that vy is not con-
tinuous in general. Further, the constants C, are not uniformly bounded
near points at which v; has discontinuities involving a change of sign. Sim-
ilarly we do not expect uniformity at points at which v; crosses 0.

PROOF: As explained in the proof of Lemma 8.1, Equation (10.1) implies
|t||”‘+1|D”X9| < C)t|er . (10.8)

We can use Lemma 8.5 to conclude that there exists a continuous function
v such that
[W2(8) — [LX (8, 0)] < Cltlos . (10.9)

Equation (10.8) with v = 6 and v = t shows that the #-derivatives conditions
of Lemma 6.5 are satisfied, and Theorem 6.3 implies that there exists a
function vy with |vi| = v such that, for all ¢ € [a, b],

hmcgo(w)\ﬂfl =vi(¥), (10.10)
together with
limcgo(w)|t|f2 =0. (10.11)
Equations (5.1) and Lemma 8.7 lead to
o[t f1) = [tlf3 + O, (10.12)
Or([tlf2) = —ltlfifa+O(ft]* ) . (10.13)

Suppose, first, that  is such that v(0) = 0. It follows from (10.9) that
the right-hand sides of (10.12)-(10.13) are O(|t|**~!). The same is true for
09(|t| fo) by Lemma 8.7, and by integration in ¢ along rays I'\(t) = (¢, 0+ \t),
A € [-1,1], we find on CP, (6)

v(0) =0 = [tfi| <Ct]*, [tfo] < CJt]*r . (10.14)

In general, integrating (10.12) shows first that ¢tf2 € L!([to,0), and then
0
51(06) = 01(6) ~ [ 15l (s,0)ds + O(ef*) (10.15
t
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Similarly, (10.13) can be integrated to give
ot
0>ty>t1 2t alfolte,8) = e u O 51, 0)
t
+/ 2e*f52 H(:0ds O (|| 1) du, .

t1
(10.16)

If v1(8) > 0 one finds first from (10.16) that |tfa] < C|t|, with € equal to,

say, min(vi(0)/2, a,/4). Plugging this in (10.12) one obtains that f; — v =

O(|t[). Returning to (10.16) one is then led to (10.6) at (¢, 6) with v1(6) > 0.

Inserting (10.6) into (10.15) we arrive at (10.7) at (¢, 0), again for v1(6) > 0.
Suppose, finally, that v1(0) < 0, then we rewrite (10.16) as

t
0>ty >t >ty |hlfalt,0) = el PO 1y 0)
to u
+/ ejtl fl(s’e)d80(|ula1’_1)du.

t1
(10.17)

One readily checks that the integrand is in L!([to,0)), and passing to the
limit t2 — 0 one obtains

(U
0>t >ty |tlfo(t,0) = eli 110 0 1y jor =Ty gy,
t1

(10.18)

Arguing as before one obtains the result at (¢,6). Finally, the result for
(t,01) € Cp (0) is obtained from the one for (t,6) by integrating dy(tf,) in
0 from (¢,67) to (t,0), using point (iii) of Lemma 8.7. O

We return to the proof of Theorem 10.1. To proceed further we need
better control of the 6 derivatives. Let Ej be defined by (8.15) and con-
sider a point ¢ such that v(¢)) = 0. From (10.1), (10.14), together with
Equations (8.8) and (8.11)-(8.14) one obtains

t1 ap
Ei(t1,7) < Ei(to, ) +/t 2+O’t(||t|)

we have also made use of (8.16). Gronwall’s Lemma (cf., e.g., [4, Lemma 3.2.3])
gives, for any € > 0, decreasing |tp| if necessary,

Byt ) dt ; (10.19)

2+e€

(10.20)

Bt <c|?
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This allows us to rewrite (10.19) as
2

By (t1,1) < Eyi(to, ) + /tt1 <‘t’E1(t, V) + O(|t|%*3*€)) dt,  (10.21)

which, together with Gronwall’s Lemma, implies (10.20) with e = 0. It
follows that on C{) (1)) we have

10 fa| + [t0pgal < C', (10.22)
and (5.1) gives
[t0gn] < O, |tdega| < O(L+ tfPr~1). (10.23)
Integrating in t over rays 6 = 1 + At, A € [—1, 1], one obtains
g1=0(nlt]), |ga| < C(nlt|+[t[**"). (10.24)

We have thus recovered (10.1) with the exponent oy, there replaced by 2c, if
20y, < 1, or by a number as close to one as desired otherwise. Iterating the
argument leading from (10.23) to (10.24) a finite number of times if needed
one thus has

|tfal + |tgal < CJt['~¢, (10.25)

with e as small as desired.
We continue by induction: suppose that for all € > 0 and for all 0 < i <
k — 1 there exists C;(e)

|05 fal + |60hga| < Cie)[t]~ . (10.26)
From (8.8), (8.11)-(8.14) one obtains

t1
Bnv) < Bltei)+ [ (5

B2+ 2e C o
< Bultod)+ [ (CLE B0+ L) ar, (020)
to || €

leading to (10.26) with ¢ = k (and with e replaced by 2e.).
The equation

Ex(t, %) + Clt| 27 B} (¢, ) ) dt

k(p2 2 f1
ok f1 0010 b f1 89(f2 93 t)
O %fo | _| 0001 o 9y f2 n 5g<*f1f2+9192*f72>
a?’:gl 1000 aé:gl 0
1
9592 0 0 0 9592 3g(f1gz—g1f2>
(10.28)
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gives ‘ .
00 (t035.) | + |t0,3hgal < Cile)ltl (10.20)
Integrating in t over rays 6 = ¢ + At, A € [—1,1], from (10.26) and (10.29)

one obtains A
1Dal < Cilelt ™ . (10.30)

Further, the same integration argument shows that there exist constants
Va,i(1)) such that '
14185 fa — vai ()| < Cile)|t]' <. (10.31)

We note that v,0(¢) = 0 by (10.25). From (10.28) one obtains now the
equation

0(Opltlf1) = 1t13(f3) + O(|t|~)

N R E RN I S
= Z<> 2,5 (V)v2,i—j(¥) |t|+0(|t| ), (10.32)

1
=0

which is compatible with boundedness of 95 (|t f1) if and only if the coefficient
of 1/[t| vanishes. Suppose that we know that vg j vanishes for j =1,...,m—
1, then the condition of vanishing of the offending term in (10.32) with
1 = 2m gives vy, = 0, and induction gives the vanishing of vs ; for all j. It
then follows from (10.31) that

|04f2| < Cile)ft| <. (10.33)

Integrating the equations for 8t8§ga one arrives at

g1 = —viip1(®)Inlt] +g1i(y) + O(Jt]' ™) , (10.34)
g2 = g20(¥)+O(Jt]'), (10.35)
hg2 = —v1i(¥)g20(®) In|t] + g2 () + O(Jt]' ™) , (10.36)

for some constants g, ;(¢). Similarly, as in (10.18),

0 u
0>t >ty |t1|of falts, ) = el 1 0 1) g
t1
= O(jt|*™). (10.37)

Integrating in ¢ from 1 to § and using (10.37) one obtains, on C{, (),

0% f2(t, ) = O([t|'™) . (10.38)

53



Analogously to (10.15) one has

0
105 5(0:0) = o1, = [0 stnlsl) ds =0 (1) . (1039)

An iterative repetition of the arguments given leads to a full asymptotic
expansion of the solution on CP, (). It should be clear that the expansions
for the derivatives obtained in this way behave as though they arose from an
AVTDg’Q) map, and the usual extension arguments can be used to provide
an AVTD(()f’Q) extension of the restriction x’C?o () of x.

Suppose finally that all the vy ;(¢) vanish. We note that it follows from
the argument above that this will be the case when v = 0 on an interval
containing . It is then straightforward to show that all the 85 fa’s and
the c%“ga’s can be extended by continuity to the tip (0,%) of C’?O (). By an
abuse of notation we will denote the value at the tip of those extensions by
0% fa(0,9), etc. Equation (10.37) gives, for all k,

9 f2(0,4) = 0. (10.40)

Equation (10.39) implies
O f1(0,4) = 0. (10.41)

Arguing similarly one obtains that any mixed ¢ and 6 derivatives can also
be extended by continuity to the tip (0,%) of Ctoo (v). For example, when
v1,5(1) = 0 (10.39) can be rewritten as

_ 9 (630, 9)) £

5 +0(|tP) , (10.42)

’ﬂagfl (ta 77/})
which shows that 65 f1/t extends continuously to the tip. It then follows from
(10.28) that 8t8§ f1 extends continuously to the tip. A similar analysis shows
that the same is true for 0,95 f. It then immediately follows from (10.28)
that 8t8§ga extends continuously to the tip. Differentiating (10.28) with
respect to ¢t one can repeat this analysis for all higher-order ¢t-derivatives.

An identical extension property is obviously true for P, ), and all their
derivatives.
In order to prove (10.2), suppose that

i—1

O fat. ) = Y aqut™ ™+ Ot (10.43)
7=0

Opga(t. ) = Y Bajut? + Ot ) ; (10.44)
=0
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this clearly holds with ¢ = 0. Then (10.28) gives
i—1 . .
o (105 1at:0)) = D dwt@H O, (10.45)
§=0

and by integration one recovers (10.43) with i replaced by ¢ + 1. Inserting
this into (10.28) one then finds

O (0h9a(t, ) = D" Bagat™ + O+, (10.46)

=0

and integration in ¢ completes the induction step. The usual extension
results finish the proof on C, (1). Clearly the same results remain valid if v
vanishes on an interval I, we simply note that all the estimates so far were
uniform in 0 over I. O

11 Solutions with v < 1 and with uniform power-
law

We are ready now to prove Theorem 1.1 under the more restrictive hypothe-
ses (11.1) and (11.2); those will be removed in Section 12:

THEOREM 11.1 Let & be a solution of the Gowdy equations on Q(a,b,tg)
such that
sup  [tXy| < 1. (11.1)
Q(a,b,to)
Suppose moreover that there exist positive constants € and Cy such that on
Q(a,b,ty) we have
tXg| < Colt|° . (11.2)

Then:

(i) The solution belongs to the class 74 defined in Section 4, with a velocity
function v = |vi| and a position function po, which are smooth except

perhaps on the set
0{6:v(0) =0} .
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(ii) There exists n > 0 such that for all initial data (x(to,-), X¢(to,-))
satisfying'

(2(to, ) — & (to, ), Xe(to, -) — Xe(to, )|l mrsemz <1

the associated solution x also satisfies (11.1)-(11.2) (with perhaps dif-
ferent values of € and C). Further the conclusions of Theorem 9.1

apply.
REMARK 11.2 The behavior of the solution near all points (0, 1) with v(¢) =
0, including {0} x (9{0 : v(#) = 0}), is described exhaustively in Theorem 10.1.
It is not clear whether or not the function o of (3.24) is continuous at

0{0 : v(0) = 0}.

REMARK 11.3 Every AVTD&P’Q) solution with v strictly smaller than one,
and for which the error terms in (3.5)-(3.6) and in their derivative counter-
parts (see (3.10)) are uniform in € satisfies (11.2), as well as (11.1) for some
to close enough to 0. This follows immediately from (3.5)-(3.6). Further, all
initial data satisfying the hypotheses of Theorem 8.6, or of [17, Theorems 1
and 2], satisfy the hypotheses of Theorem 11.1.

PrOOF: The arguments at the beginning of the proof of Theorem 8.6 show
that v exists on [a,b] and is continuous there. We continue with a lemma:

LEMMA 11.4 Suppose that [t Xg| < C|t|¢ for some € > 0 and

inf [tX¢|>~>0, sup [tX¢ <1—7, (11.3)
Q(ab,t1) Q(a,b,t1)
for some ty. Then Q(a,b,t1) can be covered by a finite number N of domains
of dependence on which x is AVTD(()?’Q) in appropriate coordinates on hyper-
bolic space. (This implies smoothness of v and of v, as those properties are
invariant under isometries of the hyperbolic space.) The number N depends
only upon €, Cy and ~.

We will actually prove a slightly stronger statement:

LEMMA 11.5 Under (11.3), suppose that there exists a sequence t; such that
the function

2

2
F(t;)== sup Y [t"DEXy|(t:,0) + ) [T DEX|(t:,0)  (11.4)
9€[(l+t¢,b*ti} k=0 k=1

goes to zero as t; goes to zero. Then the conclusion of Lemma 11.4 holds,
with the number N there depending upon v and the sequences {t;}, {F(t;)}.
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PRrROOF: We start by noting that under (11.2) we have F(t;) < C|t;|¢ by
(10.8), so that Lemma 11.4 does indeed follow from Lemma 11.5 by setting
t; = 2_it0.

We wish to apply a result of Ringstrom [16, Theorem 9.1]. Set

1
v = —-min( inf [tX;|[,1— sup [tXy|). 11.5
3 (Q(a’bm [£X| ot | [£X4[) (11.5)

Let the constants €x, £ = 0,1, 2 in [16, Theorem 9.1] be equal to 10, decreas-
ing |t1] if necessary we can suppose that t; > —e™ ™, with 79 given by [16,
Equation (9.1)]. Choose some v € (a,b), and define C’?l (1) to be a triangle
with the top vertex at (0,v) and slopes +1/2:

Ch():={t>t1, v—2 <O <v+2t}. (11.6)
If ) = a we set

CoLW)={t>tr, v—[t| <O<v+2]}, (11.7)
while for ¢ = b we set

Co()={t=t, -2 <O<+]t}. (11.8)

For 0 < A < 1 let (¥ be defined as

CP(0) > (t,0) — W N(t,0) := x(\t, ¢ + \I) . (11.9)
We have
similarly
XN (t,0) = 092N (1,0) = AXp(At, 1 + M) | (11.11)

with analogous formulae for higher derivatives. This, together with our
hypothesis on the function F, shows that for A\ = \; = ¢;/t; we have for

¢ € (a,b)

2 2
sup [ DEXTV (0, 0)+ Y [ DEXTY (01, 0) < F\t = 1) /[ta] —x,—0 0.,
96[2t1,72t1} k=0 k—1
(11.12)
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with similar results if ¥ = a or ¢ = b. In particular at t = ¢; we have

2 2
sup Y [DEXSUV(t1,0) + > IDEXV|(11,0) —a0 0. (11.13)
bel-2lt]. 20t ]) f= P

Now, it is easy to show, using (5.6), that
P2+ 2P Q% < Do Xi|? + C|X4|?| Xol?, (11.14)

P2+ €2PQ2, < |DyXy|? + C| X|*. (11.15)

Similarly,

Py + € Qiog < |DFXe|* + C(1 Xt (|DoXo|* + | Xo|* + [ Xo/*)
+ | Xg|*[ Do X1 %), (11.16)
Pog + €27 Qg < DG Xo> + C(I1Xo | Do Xe|* + 1 X0|% + | Xo[").  (11.17)

Equations (11.12)-(11.17) show that there exists \; such that Equations (6.2)
and (9.3) with k = 1,2, of [16] will be satisfied by the initial data for z(¥»»
for all A = A, < A; with a multiplicative factor 1/(2C1) at the right-hand
sides there, with a constant C; to be made precise shortly. Decreasing \;
if necessary Ringstrom’s energy es corresponding to the current solution
here will be smaller than 1/(2C;). Again decreasing \; if necessary [16,
Equation (9.4)] will hold with 2 there replaced by 4. It remains to satisfy
Ringstrom’s equation (9.3) with & = 0. Recall that the group of isometries
of the hyperbolic space (%3, h) acts transitively on the unit tangent bundle
of #%. This implies that there exists an isometry v of (3, h) such that
the map vy oz(¥"}), when written in the local coordinates (P, Q), will satisfy

P(ta,v) = Q(t2,v) = 0;Q(t2,%) =0, 0y P(t2,7) > 0.

Now, Ringstréom’s norms are not invariant under isometries. However, the
objects appearing in (11.12) and (11.13) are, and those have been used to
control Ringstrém’s norms, so that the inequalities which have already been
fulfilled still hold (in any case we could decrease A further to obtain the
desired inequalities). It then follows by integration in 6, using the fact that
the 0 derivatives of P and @) are already known to be small, that there
exists d > 0 such that Ringstrém’s equation (9.3) with k¥ = 0 and with
a multiplicative factor 1/(2C7) at the right-hand side there will hold on
[ —d+tj,9 +d—t;]. Decreasing d and \; if necessary, we can extend the
initial data from that last interval to smooth periodic initial data, without
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increasing all the relevant quantities by more than a factor Cy. Applying
Ringstrom’s Theorem 9.1 the result follows for the map obtained by the
evolution of the extended initial data. Uniqueness in domains of dependence
establishes the claim on each Q(v) — d, ¢ + d,t;). Reverting to the original
t1, the result is obtained by covering Q(a,b,t1) by a finite number of sets
Q —d, 4+ d, ty). 0

We note that an obvious modification of the argument just given estab-
lishes the following version of Ringstrom’s result [16, Theorem 9.1]:

PROPOSITION 11.6 Let a < b, tg <0, 0 < v < 1, there exists e(y) > 0 such
that if
v <toP(to,") <1—7,
2 2

>t DEXol (o, -) + Y |6 D Xl (to, ) < e,
k=0 k=1

on [a—|tol, b+|to|], then the solution is AVTDE? in Q(a, b, to), with velocity
strictly positive and strictly smaller than one. O

We return to the proof of point (ii) of Theorem 11.1. The reader will
note that the above proof has been worded to leave room for perturbing the
data at t = t1, with ¢; as redefined in the paragraph following (11.5), while
still satisfying Ringstrom’s hypotheses; this is needed for the remainder of
the argument.

We set now 1 1
y=-min(z,1— sup [tX;]).
8 3 O(ab.to)
Since v is continuous, with tX, converging uniformly to v, the interval [a, b]
can be covered by a finite number of intervals [a;, b;] on which either

1 .
<1 owr opx
TS 5ol I

or on which

o 1
sup  [tXy| < TR
Q(ai,bit1)

Let us call the latter intervals of type II, and the former of type I. Each
of the [a;, b;]’s of type I can further be chosen to coincide with one of the
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intervals [¢) — d, 1 + d] of the proof of Lemma 11.4 such that z is AVTDéIoD’Q)
on Q1 —d, ¥ +d, ta), where ty is the time given in the proof of Lemma 11.4.
A sufficiently small pertubation of & at t = t2 leads again to an AVTD&IOD’Q)
solution, thus satisfying (11.1)-(11.2) (with X there replaced by X, with
possibly different constants C' and €). The usual continuous dependence of
solutions upon initial data on compact intervals of ¢ shows that the same
will remain true for sufficiently small perturbations of the initial data at
t = to.
On each interval of type II we have at t = to

o 1
‘tXe, S Cte < 6 ’
making to smaller if necessary, then any sufficiently small perturbation of
the Cauchy data at {to} X [a; + t2,b; — t2] leads to a solution x such that

1 1 1
sup  [tXo ] + [tXp? < 2(s5 + =) = =,
Q(aibist2) 12 6 2

where the factor 2 comes from Proposition 1.4. We can thus use Theorem 8.3
to conclude x will satisfy (11.1)-(11.2).
O

12 Existence and smoothness of v on an open dense
set

The proof of Theorem 1.3 will run in parallel with that of the following,
more precise, statement:

THEOREM 12.1 Consider a solution x defined on Q(a,b,ty) and set
n = [sup [tX¢|] .

There exists an open dense set 0 C [a,b] such that for every 1) € Q there
exist a neighborhood Oy, C € of 1 and an element Gy, of the Geroch group,
with the order of Gy less than or equal to n, such that Gyx has on Oy a
smooth velocity function 0 < v = |v1| < 1 and smooth position function Qu.
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ProoOF: We start with a covering argument: We choose arbitrarily two
points a < 0; < 0, < b, we set Iy = [0;, ,] and we decompose Q(6;, 0,., —|1p|/2)
into a union of strips Q;, Q(6;, 6, —|1o|/2) = U2, Q;, where

[lo| _ | o] .
9i =S T o

Note that |Iy|/2 is the height of Q(6;,0,,—|Iy|/2), and that the Q;’s are
pairwise disjoint. Let t; = \Igl and let B; be the base line of €;,

Qi ={(t,x) € Q0,,0,, —[Io]/2) | —

Bi:{(t,x)GQi‘t:ti,91—|ti|§$§9r+’ti’}, 1>1.

We denote by Ajp the left end point of B;, and set 0;, = 6;,—|t;|, 0,, = 0,+|t;|.
We consider a partition &; of B; determined by the following sequence of
points (see Figure 3)

@i = {Ai()v"'?Aij""’Ai’mi}’

o]
2t

where m; = 2" + 2, A;; = (t;,0;, + 52j). Note that the length of each
ol
20

sub-interval of &7; is

Ao A11 A12 A13 A14

Figure 3: The points A;; and the triangles e;;.

Next, we decompose €2; into a union of triangles with 45 degrees slopes as
follows: Let ¢;; denote the triangle with vertices at the points (A”, Aig1,25, Aij+1)

defined above, where i > 1,5 =0,1,...,2°+1. The set §; U2 e cij is then
the union of ‘upside down’ triangles Wlth vertices (Ajy1,2j— Q,AU, Aig1,25),
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where i > 1, j = 1,...,2" + 1. We denote those last triangles by dij. It

follows that _
Q; = (Uflei) U2 dyy) -

Finally we relabel the ¢;;’s and the d;;’s as e;;:

€i2j41 = Cijy 7 =0,...,2" +1
eioj i =dij,j=1,...,2"+1

LEMMA 12.2 Let {Q; } ° o be the decomposition of (6, 0,, —|1o|/2) described
above. Let f be a nonnegatwe measurable function on Q(0;,0,,—|1y|/2) with

/ It1£(t,0) dodt < oo .
Q

Then for any € > 0 and jo € N there exists j > jo such that §2; contains a
set w consisting of eight consecutive triangles e;; with

/fwﬁ<e

PROOF: Let [, [t|f(t,0)dfdt = A. Using the decomposition Q(6;,6,., —|Io|/2) =
U2, 82; we find

A:i/ 117(1, 6) dodt
>|I\Z/ fe.

Thus, since the last sum is finite, there exists i(e) such that for all i > i(e)
we have

1
ST /Q F(t,0) dddt <

for any given €. Let us show that there exist j and at least N = 8 consecutive
triangles starting at e;; such that

/ f(t,0)dodt < e.
Uk=0€i,5+k
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In fact we prove this assertion with any given N € N; we set

e1Uep...Uey=c1,
eijUeijr1...UejrN-1=¢5,

€im—-N+1U€m-Nt2...U€Eim =Cn—N+1 ,

where m = 211 + 3. Let

/ijzcm /%.f:Ef’

Cl+...+cm_N+1:E1+2E2+...+(N—1)EN_1—|-N(EN—|-...
+Em—N+3)+---+2Emfl+Em

then

SN(E1+...+Em):N/ f(t,0)dodt < Nme.
Q;

Hence we obtain

Ci+...+Chn-nNt1 < Nme <
m—N+1 " m-—-N+1"—

Ne,
which implies that there exists C; such that C; < Ne. O

We apply Lemma 12.2 to the function

¢ ¢
f=> [*DEXe* + ) [t* DX, ;
k=0 k=1
we are actually interested in ¢ = 4, but the argument applies to any fixed
¢ € N, £ > 2. Point (iii) of Proposition 1.6 shows that f satisfies the

hypotheses of Lemma 12.2, therefore there exists a sequence of domains
w; C ; such that

w;

The base b; of w; has length 4]|¢;|, so that it can be written as

bi = {ti} X [ths — 2|t;|, s + 2|t4]]
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for some 1; € [0;,60,]. We scale w; to a union of eight triangles with bottom
edge lengths one, with the basis of the scaled set lying at t = —1, and (1, t;)
mapped to (0, —1); we call @ the resulting set, and we note that the top of
@ lies at t = —1/2. We have

‘ ¢
/ f :/Z’tk‘Dg;Xéwhti)P_l_z|tkD§‘Xt("/1i,ti)|27 (12.1)
Wi “ k=0

k=1

with (¥t etc., defined in (11.9). There exists an isometry of the hyper-
bolic space into itself which maps z(¥#*)(0, —1) to the origin in the (P, Q)
coordinate system. We apply this isometry to (¥t and still use the same
name for the resulting map. Since |t| € [1/2,1] on @, isometry-invariance of
(12.1) gives

it irti
167" ey + 1D X"l ges @y —imeoe 0,
and the Sobolev inequality implies
irti irti
”Xéw )”C‘Z*z(@) + ||D9Xt(w )HCLS(@) —i—oo 0.

Returning to the original w; one thus has

£=2 =2
sup (Z M DG Xg| + ) |tk+1D§Xt]> oo 0 (12.2)
¥ \k=0 k=1

Let I, = [wz — 2|ti|7wi + 2|ti|] and set

l l
Fy(L) = sup <Z " DEXg| + ) \t’fﬂpgxt\) (t:,0) .

O€vi—2lt:| i +2[t]] \ =g k=1

Equation (12.2) shows that F5(I;) approaches zero as t; tends to zero. We
choose ig large enough so that for all ¢ > iy we have

1
< 100 °
Clearly the same bound will then also hold for Fy(I;) with 0 < ¢ < 1. Since
the sequence |t X¢|(t;, ;) is bounded, passing to a subsequence if necessary
we can assume that there exists v such that [¢X|(;,1;) — veo. Suppose,
first, that ve < 1/200, then [tXy|(t;,1;) < 1/100 for ¢ large enough. By
integration in 6 we have for 6 € I;

Fy(1;)

9
|[£Xe? (3, 0) — [£X0|? (i, 903)| < i2/ t*|h(Xt, Do Xy)|df < 4sup [tX,|Fy (L)
’ (12.3)
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which goes to zero as i goes to infinity so that |[tX;|(¢;,0) < 1/50 for 6 € I;.
Now [tfi| < |tX:| < 1/50, similarly for tfs, while |tga] < [tXyg| < Fo(1;) <
1/100, which proves that Theorem 8.3 applies, and shows that for all i > i
(increasing ig if necessary) the solution satisfies a power law decay in each
of the Q(v; — 2|t;|,1i + 2|ti], t;). The conclusions of Theorem 11.1 apply
to show that the solution is AVIDY® on each of the Q; — 2|, +
2|ti], t;), except perhaps a) for points in 9{f : v(f) = 0} at which Q
may have discontinuities and/or v; might fail to be smooth (even though
it is continuous there), or b) for a set of discontinuities of v; introduced by
applying back isometries to the isometry-transformed AVTDg’Q) solutions
of Lemma 11.5. In any case Proposition 4.2 guarantees existence of an open
dense subset of [0, 6,] with AVTD(()?Q) behavior there.

Suppose, next, that 1/200 < vy, < 1 —1/200. A scaling argument as in
the proof of Lemma 11.5 shows that, after applying a suitable isometry, the
solution is AVTD&IOD’Q) in each of the Q(¢; — 2|t;|, i + 2|ti|, t;)’s, for i large
enough, and hence again in an open subset of [0}, 0,]. Applying the isometry
back to recover the original solution one obtains an open subset of [0, 0,]
with AVTDY? behavior.

As the next possibility, consider the case in which 1 — 1/200 < v <
14 1/200. Applying an isometry ¢; we can assume that the map ¢; o x,
still denoted by x, satisfies Qy(t;, ;) = 0 with P;(¢;,1;) — positive, so that
1 —1/100 < |t|P(t;yi) < 1+ 1/100. Note that Fy is invariant under
isometries, so that F5(I;) remains unchanged. Now,

99.fa = O (M( Xy, €a)) = M(Do Xy, €2) + h(Xy, Doeq) (12.4)
and by integration, making use of (8.45), one finds that
—1/100 < |t|f2 = |t|e” Qs(t;,0) < 1/100

on I; for i large enough, similarly 1 — 1/50 < [t|fi = |t|P:(t:,0) < 1+
1/50. Applying a Gowdy-to-Ernst transformation (3.20) (compare (8.33))
we obtain on I;

—1/50 < |t|P, =1 — [t|P, < 1/50, —1/100 < |t|§1 = —|t|g1 < 1/100,
as well as
—1/100 < |t|g2 = —|t|fo < 1/100, —1/100 < |t|fo = —|t|ga < 1/100 .

This shows that the hypotheses of Theorem 8.3 are satisfied by the initial
data for & on I;, so that by Theorem 11.1 the map z will be AVTDg’Q) on
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an open dense subset of each of the Q(v; — 2|t;], v + 2|t;|, t;)’s for i large
enough. This gives an open subset of [0}, 6,] with AVTDSE? behavior for
2. To analyse the behavior of x we need first to perform back the Gowdy-

to-Ernst transformation. Since
P=—P—Inlt,

the existence and continuity properties of v are unchanged by the Gowdy-
to-Ernst map. Next, we note that

Q| = [te"ga| < CJt|! (12.5)

for some € > 0, which by integration shows that the function Q of (3.6)
exists and is a continuous function on each interval [¢; — |t;], ¥; + |t;]] with
i large enough. Hence the map (P, Q) belongs to the class %4 defined in
Section 4. Now, the original map x is obtained from the one just described
by composing with an isometry of the hyperbolic plane, and is thus again
in the class 24 by Proposition 4.2. One then obtains an AVTDg’Q) map
in a neighborhood of the set obtained by removing from [i; — ||, ¥ + |¢;]]
the set consisting of points where v has discontinuities, together with the
boundary of the set where v = 1.

We continue by induction: suppose that we have already established the
claim for vy, < k + 1/200, and suppose that there exists £ € N such that
k+1/200 < vo < k+1—1/200. Applying an isometry ¢; to x, and still
denoting by x the resulting map, we can assume that fo(¢;, ;) = 0, and
that k+1/50 < |t|P; < k+1—1/50 on I;, while [tXg| + |t f2] < 1/100 there.
Applying a Gowdy-to-Ernst transformation we obtain

—k+1/50 < [t|P, < —(k—1) —1/50 on I;, with |tfs] <1/100. (12.6)

It follows that |tX;| < k on all I;’s for i large enough. We note that (12.4)
with a = 2 shows, by integration, that on I; we have

[tge| = |tf2| < CFi(I;), while |[tg1] = |tg1] < Fo(I;) holds trivially.
(12.7)
Next, by (5.7),

DyXg = (9pd1 — G3)e1 + (Tpda + G1G2)en
= (—0gg1 — f3)e1 + (=0 fo + g1 f2)ea . (12.8)

Similarly,
DoX: = (9of1 — fado)er + (Do fa + figo)es

= (=0f1 — fag2)er + (=0pg2 + fifo — ﬁ)ez . (12.9)
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It is straightforward to check, using (12.7)-(12.9), that if one sets

1 l

Fy(1;) = sup (Z |t DG Xl + ) |tk+1D§Xt\> (ti,0)

O =2t Wi +2[tl] \ =g k=1

then Fy(I;) — 0 as i — oo. A similar calculation shows that the same is
true for Fy (I;), and in fact for any higher order Fy if true for Fj.
Returning to the proof of Theorem 12.1, it follows that the map & sat-
isfies all the conditions needed to apply the result assumed to be true by
the induction hypothesis. In particular the velocity function v and the po-
sition function Qs are smooth on each interval [1); — |t;|, s + |ti|], with i
large enough, except perhaps for a countable number of points. Performing
back the Gowdy-to-Ernst transformation one obtains a map with a velocity
function v which has the same properties. Equation (12.5) becomes

Q| = [teP o] < CeP < CJ[F1/ (12.10)

which shows, as before, existence of a continuous function (o, on each
interval [¢; — |t;],1; + |t;|], with @ large enough. Proposition 4.2 implies
again the AVTDgf’Q) behavior in a neighborhood of an appropriate subset
of {0} x [1hs — [ta], ¥ + |til].

The possibility k41 —1/200 < voo < k+ 14 1/200 is handled similarly,
and the induction step is completed.

Since we have a uniform bound on [tX}|, the procedure stops in a finite
number of steps.

We have thus shown that every subinterval [6;,60,] of [a,b] contains an
open set so that the solution is AVTD(()?Q) in a neighborhood thereof. The
union of all such sets, as [0}, 6] runs over all subintervals of [a, b], provides
the desired open dense set Q) of Theorem 1.3. The set © of Theorem 12.1 can
be taken to coincide with 2. However, for the purpose of Proposition 12.3,
one should keep in €2 those points at which the discontinuities in v arise
from the action of the Geroch-group-inverse G~ on Gz, when recovering
x from Gz on Q(v¢; — 2|t;|, ¢ + 2|ti], t;), by inverting the inductive method
described above. O

The arguments given above together with Remark 1.2 can be used to
obtain the following characterisation of points which are not in €2:

PROPOSITION 12.3 Let 2 be the largest open set for which the conclusions
of Theorem 12.1 hold. Then v & Q if and only if
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(i) either there exists € > 0 such that for all t small enough

1
sup (Z |t Dy Xo| + |t2D9Xt\> (t,0) > €,
o<yt v+t \ =g

(ii) or v exists and is continuous on an interval I containing 1, with 1
belonging to the boundary of the set {v(0) = 0}. Further

2
> sup (I DfXo| + | DFX] ) (2.6) — 0,
o V€l

but Qo 1s discontinuous at 1. a

The key open question is that of existence of solutions for which the
set of points exhibiting the properties described in Proposition 12.3 is not
empty. The behavior described in (i) above seems to be a much more serious
problem than the one in (ii).

We are ready now to pass to the proof of the main result of our paper:

PROOF OF THEOREM 1.1: Let z = & and consider any point ¢ € [a,b]. The
argument of the proof of Theorem 12.1 with ¢; = —27%, 1); = 1, shows the
existence of a time ¢, < 0 and of an element G, of the Geroch group such
that Gy satisfies the hypotheses of Theorem 11.1 on Q(¢— [ty |, 4|ty ], ty)-
(Note that the covering argument is not needed anymore in view of the hy-
pothesis (1.6).) This proves (i) for Gy, and what has been said concerning
the action of the Geroch group for the solutions under consideration proves
(i) and (ii) for x.

By compactness of [a,b] a finite covering by intervals (a;, b;) := (¢¥; —
[ty |, + |ty,;]) can be chosen, and (iii) readily follows. Point (iv) follows
from the results in [4] (compare [6]). A small change of the initial data at
t = to will lead to a small change of initial data at ¢ = t,,, hence to a small
change of Gy, x(ty,, ) and its derivatives at t,,, and the claim about stability
follows from Theorem 11.1. O
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