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Abstract : 1In this article, we are interested in viscosity solutions for second-order fully
nonlinear parabolic equations having a L' dependence in time and associated with nonlinear
Neumann boundary conditions. The main contributions of our study are, not only to treat
the case of nonlinear Neumann boundary conditions, but also to revisit the theory of viscosity
solutions for such equations and to extend it in order to take in account singular geometrical
equations. In particular, we provide comparison results, both for the cases of standard and
geometrical equations, which extend the known results for Neumann boundary conditions even
in the framework of continuous equations.

Résumeé : Dans cet article, nous nous intéressons aux solutions de viscosité d’équations
paraboliques fortement non linéaires avec une dépendance L' en temps, associées a des conditions
de Neumann éventuellement non linéaires. Les contributions de notre étude sont non seulement
de traiter le cas de conditions au bord de Neumann non linéaires, mais aussi de revisiter la
théorie des solutions de viscosité dans le cadre d’équations avec une dépendance L' en temps
et de I’étendre afin de prendre en compte les équations singulieres de type géométriques. En
particulier, nous obtenons des résultats de comparaison qui s’appliquent & la fois a des équations
standard et de type géométrique et qui généralisent les résultats connus pour les conditions aux
limites de Neumann, méme dans le cas ou I’équation a une dépendance continue en temps.

1 Introduction

In this article, we consider fully nonlinear parabolic equations, having a L' dependence
in time, associated with nonlinear Neumann boundary conditions. The interest of this



paper is twofold : first we provide new results, in particular new comparison results, for
nonlinear Neumann boundary conditions which extends those of G. Barles [3] even in the
framework of equations with a continuous dependence in time. Then we revisit viscosity
solutions’ theory for equations, having a L' dependence in time and we extend it to the
case of singular equations, typically geometrical equations.

In order to be more specific, we consider the following boundary value problem

Ou + F(t,z,u,Du,D*u) =0 in (0,T) x Q, (1.1)

ot
L(t,z,u,Du) =0 on (0,7) x 0%, (1.2)

where T > 0 and € is a bounded domain of IR". The solution u is scalar, —u, Du, D*u

denote respectively the derivate of u with respect to ¢, the gradient and the Hessian matrix
of u with respect to the space variable x. The function F' is real-valued and defined for
almost every t € (0, T) and, at least, for every ¢ = (x,7,p, X) € Qx Rx RN\ {0} xS(N),
where S(N) denotes the space of N x N symmetric matrices. For almost every ¢, it is
continuous with respect to & and satisfies t — F(t,£) € LY(0,T) for every &.

We always assume that the function F' is degenerate elliptic, i.e. for almost every
t € (0,7), for every (z,r,p) € 2 x IR x RN \ {0}, and X,Y € S(N)

F(t,z,r,p, X) < F(t,z,r,p,Y) if X >Y, (1.3)

where 7 <7 stands for the usual partial ordering on symmetric matrices.

The function L : [0, T]x0Qx IRx IRN — IR is continuous and satisfies the characteristic
property of a Neumann type condition, namely: for every R > 0, there exists vg > 0,
such that, for every (t,z,p) € [0,T] x 9Q x RYN, |r] < R and X\ > 0, one has,

L(t,x,r,p+ An(x)) — L(t,7,7,p) > VR, (1.4)

where n(x) is the unit outward normal vector to 02 at x. More precise conditions on the
functions F' and L will be given later on.

Our study is motivated by several types of applications: on one hand, by stochastic
optimal control problems of (reflected) diffusion processes with L' dependence in the data.
The associated Hamilton-Jacobi-Bellman Equations takes the classical form

gu _ sup{lTr(Aa(t, 2)D*u) + by (t, ) - Du+ cot, x)u+ folt,z)} =0, (1.5)
ot aea 2
where Tr is the trace operator and p; -ps stands for the usual inner product of py, ps in IRV .
As in the continuous case, A, = 0,0L, 04, ba, Ca, fo are functions defined on (0,7 x Q
which take values respectively in the sets of N x m matrices for some m > 1, IRY and IR
and which are continuous (and even Lipschitz continuous) with respect to € Q but here
we assume them to have a L' dependence in time. More precise conditions are given in
the third section.

On the other hand, we consider geometrical equations, arising in the so-called ”level-
set approach” for defining the weak notion of evolution of hypersurfaces with curvature
dependent normal velocities (and angle boundary conditions), i.e.

D?*uDu - D
% ate) (80 PP ) pu=0 w mxn ()
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where a : (0,T7) x Q — IRT and b : (0,T) x Q — IRY are continuous with respect to
and have a L! dependence in time. Again precise conditions on these functions are given
in the fourth section.

A well-known particularity of geometrical equations is that they present a singularity
for p = 0 while, in the case of Hamilton-Jacobi-Bellman Equations, F' is continuous in
€€ QxR xRN x S(N). This implies a different treatment of them and we refer below as
“standard case”, the case when F is defined and continuous for £ € Q x IR x RN x S(N),
for almost every t € (0,7), while we refer to the “singular case” when F' presents a
singularity for p = 0. Comparison results for each case are described separately in the
third and fourth sections respectively. However, it is worth mentioning that we provide
only one definition of viscosity solutions, which is valid both for the standard and the
singular case.

Concerning the Neumann boundary conditions, in the standard case, the more natural
conditions are either the classical homogeneous Neumann boundary condition, namely

% =0 on (0,7]x 0%, (1.7)

or, more generally, the oblique derivative boundary condition
Du(t,z) - ~(t,x) = O(t, x) on (0,77 x 09, (1.8)

where v : [0,T] x 02 — RN and © : [0,T] x 92 — IR are continuous functions. The
condition (1.4) holds when the function 7 satisfies: for every (¢,z) € [0, T] x 99,
v(t,x) -n(x) > a >0, for some a > 0 .

In the singular case, because of the geometrical aspect, capillarity boundary conditions
are more natural,

Du(t,z) - n(x) = O(t,z)|Du(t,z)|, on (0,T]x Q, (1.9)

where © : [0,T] x 92 — IR is continuous and satisfies, in order to have (1.4), |O(t, z)| <
d < 1,0n [0,T] x 092. More generally, in the singular case, the function L is supposed to
be independent of r and homogeneous of degree one in p.

The case where F' is continuous in time (referred in the sequel as the “classical case”),
was extensively studied, both for equations set in IRY and also with various type of
boundary conditions. We refer the reader to the “Users’ guide” of Crandall, Ishii and
Lions [9] and the books of Bardi and Capuzzo- Dolcetta [1], Barles [7] and Fleming and
Soner [12], for a complete presentation of the theory of viscosity solutions.

The case of geometrical equations was first studied by L.C. Evans et J. Spruck in [10]
for the Mean Curvature Equation and then by Chen, Giga and Goto [8] for more general
equations.

Viscosity solutions for equations with L!-dependences in time were first studied by H.
Ishii [13] for first-order Hamilton-Jacobi equations. In this article, H. Ishii introduces a
definition of viscosity solutions, taking into account the weak regularity of the Hamiltoni-
ans in time; he proves stability and comparison results. Then P.L. Lions and B. Perthame
[16] simplified Ishii’s proofs by using simpler equivalent definitions. The first paper (to
the best of our knowledge) dealing with the second-order case is the one of D. Nunziante
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[17]: she adapts Ishii’s definition to the second-order case and provide a maximum princi-
ple type result in bounded domains for fully nonlinear second-order parabolic equations.
Then, in [18], she studies the existence and uniqueness of unbounded viscosity solutions
for such equations.

Up to now, again to the best of our knowledge, the singular case and the Neumann
boundary conditions have not been studied, when F has a L' dependence in time.

The study of continuous equations associated with Neumann boundary conditions
started with the work of P.L. Lions [15] on homogeneous Neumann boundary conditions for
first-order Hamilton-Jacobi Equations. In particular, this work contains the first definition
of boundary condition in the viscosity sense and a comparison result in this framework.
These results, still in the first order case, were extended to the case of nonlinear boundary
conditions by G. Barles and P.L Lions [5]. The case of second-order equations was first
considered by Ishii [13] and then by G. Barles [2]: while [13] provides results in the
case of C''-boundaries but rather restrictive assumptions on the boundary conditions, [2]
imposes stronger assumptions on the boundary (W) but weaker ones on the boundary
conditions. These results were extended to the case of geometrical equations respectively
by H. Ishii and M.H. Sato [14] and G. Barles [3].

As we point out above, one of the aims of this paper is to revisit the L' theory for
viscosity solutions of fully nonlinear second-order parabolic equations and to extend it
to the case of geometrical equations and nonlinear Neumann boundary conditions. This
explains the length of this paper and the fact that it is impossible to give an idea of all
the results of this work in this introduction. Thus, we are going to point out only the
main contributions of this article.

First we provide a definition of viscosity solutions of (1.1)-(1.2), consistent with the
classical one, adapting the one given by D. Nunziante in [17]. Then we give several
equivalent definitions, whose interest is to simplify the proofs of different results; a striking
example is the change of variable (a key result in the “level-sets approach”) u — W(u)
where V¥ is a smooth function such that ¥’ > 0 on IR: whereas this result can be proved
very easily in the classical case, it is much harder in the L!-case because of the specific
form of the test-functions used in the definition. Therefore, it is convenient to provide
a new definition where the space of the test-functions is stable by composition with a
smooth function .

Of course, a second contribution are the comparison results which are provided both for
the standard and singular case. For the treatment of the Neumann boundary condition,
we use the assumptions of G. Barles [3] and adapt the methods of this paper to our
framework. We point out that these results are obtained using natural hypothesis on F'
and L.

These results, even when F is continuous, improved the ones of G. Barles [3] because

oL
we only assume — to be in L' while, in [3], this derivative has to be in L™.

The paper is organized as follows: in the second section, we introduce a definition
of viscosity solutions for the Neumann problem in the L! framework, we provide several
equivalent ones and give some properties of these solutions. The third and fourth sections
are devoted to the study of the standard and singular case respectively. In each section,
after describing the precise assumptions used on the functions F' and L, we give and prove



the comparison results.

Our proofs (even without considering the singular case and the Neumann boundary
condition) differ from the ones of D. Nunziante in [17]. In particular, in Section 5, we
show a Maximum Principle type result for viscosity solutions adapted to the L' theory
and largely inspired of Theorem 3.2 in [9], which can be used independently. The sixth
section is dedicated to the construction of a suitable test-function. In the seventh section,
we provide the proofs of the properties of viscosity solutions given in the first section, of
the auxiliary lemmas given in the second and third sections and deal in details with the
quasilinear case.

2 Definition and properties of viscosity sub and su-
persolution for the Neumann problem

We first introduce some notations. In the sequel, we set 7 = (0,7") x Q,Qr = (0,T]xQ
and Qr = [0,7] x Q. We also use the notations I' = Q x IR x RN x S(N), I'* =
OxRx RN\ {0} xS(N), 2= Qx Rx RN, ¥* = Qx Rx RN\ {0} and X7 = [0,T] x %,
Ty =[0,7] x I, T% = [0, T] x T'*.

For m > 1, if A is a subset of IR™, USC(A) (resp. LSC(A)) is the set of real-valued
upper (resp. lower) semicontinuous functions on A. If A C I'r (resp. C I'), the notation
A* will be used for the set {(¢t,z,7,p, X) (resp. (z,7,p, X)) € A such that p # 0}.

If Ais a subset of IR x IRY, we say that f € C’tl, xz(A) if there exists a function
f:Rx RN — R with f(t,z) = f(t,z) if (t,z) € A and f is a C" function in ¢ and C?
in z, all derivatives being continuous on A.

Before providing the definition, we recall that F' is assumed to be a locally bounded
degenerate elliptic function, defined for almost every t € (0,7) and (at least) for every
€ := (z,u,p, M) € T* while L is a real-valued function continuous on [0, 7’| x 92 x IR x RN .

Definition 2.1 A function u € USC(S2r) (resp. € LSC(S2r)) is a viscosity subsolution
(resp. supersolution) of (1.1)-(1.2) in Qr, if and only if
for every (ty, z9) € Qr, b€ L*(0,T), ¢ € C'tlf(QT) and G € C(I'r), such that the function

t
(t, ) — u(t,x) +/ b(s)ds — p(t,x), has a local mazimum point (resp. minimum point)
0
at (to, o) and such that
b(t) + G(t,€) < F(t,€),  (resp. =) (2.1)

for almost every t € (0,T) in some neighborhood of ty and for every & € T'* in some
neighborhood of & = (zo, u(ty, o), po, Xo), po = Do(t, z0), Xo = D?*p(tg, z0), then

0
Qg = a_f@oaxo) +G(to, &) < O(resp. 20) of €, (22)

min (resp. max) (ag,L(to,xo,u(to,xo),p0)> < O(resp. >0) if ze€ I (2.3)

A locally bounded function u in Qg is said to be a solution of (1.1)-(1.2) in Qp, if u* and
u. are respectively subsolution and supersolution of (1.1)-(1.2) in Qr.
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It is worth pointing out that the above definition does not use the upper and lower
semicontinuous envelope of I’ as the classical definition does but this fact is hidden in the
roles of G and b. In particular, the possible singularity for p = 0 is taken in account by
the inequalities (2.1) for which we remark that they have to hold only for £ € T'*.

Despite of this rather complicated definition, the classical basic reductions or exten-
sions in the definition hold as in the classical case : we may assume that u(tg, zo) +
fgo b(s)ds = ¢(to, zo), the space Ctlf(QT) may be replaced by CF%(2r) and we can also
assume that we have a strict maximum (resp. minimum) point.

2.1 A characterization in terms of sub and superdifferential

In order to give an equivalent definition in terms of sub and superdifferential, we recall
the following notions. If 7 C IR and U C IR™ (m > 1) and if v is a real-valued function
defined in I x U, for (ty,z9) € I x U, we denote by P;.v(to, 7o) (resp. Priy), the subset
of R x IR™ x S(m), defined as follows : (a,p, X) € Priyv(te, 7o) (resp. Priyv(to, xo)) if,
for every (t,x) € I x U, we have

v(t, ) < v(te, o) +alt—to) +p- (x—xp) —|—% X(x —x0) - (x —x0) +0(|t — to| + |2 — m0]?),
(resp. >).

Moreover, we say that (a,p, X) € 7_7?’X+Uv(t0, xg) (resp. 7_3§’X_U), if there exists a sequence
((tr, 21))r converging to (to,zo) and (ak, pr, Xi) € Priv(ts, ox) (resp. 7_3§’;Uv(tk, xr))
such that

(@, pr, Xi) — (a,p, X) .

Finally, if I = IR and U = IR™, we set to simplify P>+, 732’*,52’Jr and P

Proposition 2.1 A function v € USC(Qr) (resp. € LSC(Q2r)) is a subsolution (resp.
supersolution) of (1.1)-(1.2) in Qr, if and only if

for every (to,z0) €, b€ LI(0,T), (a0, po, Xo) € P4 (a(to,xo> e b(s)ds) (resp.

7_752);), G € C(I'r), such that (2.1) holds then (2.2) and (2.3) hold.

2.2 A new space of test-functions

As we mentioned it in the introduction, Definition 2.1 which essentially relies on test-
functions with separated variables, may not be convenient to prove some results : for
example, if u is a solution of some equation, it is not so clear that x(u) is a solution of
the transformed equation, even if y is a smooth, strictly increasing function.
To produce a more convenient definition, we first introduce some notations. If ¢ :
R x Rt — IR", we say that g € M if it satisfies
t—g(t,r) e L} (R) forall >0, ¢g(-,7) -0 whenr —0,in L} (R),

r — g(t,r) is non-decreasing in IR", for almost every ¢t € IR. (2.4)



In the same way, a function f : IR x IR — IR is in the space C? if it satisfies
Vte R, xw f(t,x) € C*(RY), with f, Df, D*f € C(IR x R").

Finally, the space H is defined by : ¢ € H if ¢ € C? and if, in the sense of distributions,

dyp ! Oy dp N
by R). |ZX(.2)— 2. < aul.. |z — R .
at(,:L")GLzoc( ), at(w) at(,y)| < 9ol —yl), Vrye (2.5)

for some g, € M.
One checks easily that the functions of this space H have the following (clear) property.

Lemma 2.1 For every ¢ € H and ¢ € C*(IR), } o ¢ € H.

Then, we have the following proposition, providing an equivalent definition using H as
space of test-functions.

Proposition 2.2 A function uw € USC(Qr) (resp. € LSC(Qr)) is a subsolution (resp.
supersolution) of (1.1)-(1.2) in Qr, if and only if

for every (to,xo) € Qr, ¢ € H and G € C(I'r) such that the function w — ¢ has a local
mazimum point (resp. minimum point) at (to,xo) and such that

G(t, &) < g—f(t,x) + F(t,8), (resp.>) (2.6)

for almost every t € (0,T) in some neighborhood of ty and for every & € T'* in some
neighborhood of &y, then

G(to,&) <0 (resp. >0) ifxzo€Q, (2.7)

min(resp. max) (G(to,fo),L(to,u(to,xo),xo,po)) <0 (resp. >0) ifxy€ 0. (2.8)

2.3 Further Remarks and Results

We first remark that all the above equivalent definitions are consistent with the classical
definition when F'is continuous in time. We consider two cases, corresponding respectively
to the standard and singular one.

(i) F e C(I'y).

(ii) F € C(I'%) is locally bounded in I'}, and

F*(t,z,7,0,0) = F,(t,2,7,0,0), Y(t,z,7)€[0,T] x Q x IR.

Proposition 2.3 Assume that F satisfies (i) or (ii), with, in this latter case, L being
homogeneous of degree 1 in p. Then the classical and the L'- notions of viscosity sub and
supersolutions are equivalent.

The proof of this result is given in Section 7.
The next remark consists in comparing viscosity sub and supersolutions of (1.1)-(1.2)
in 2, and in )y : it is a standard result in the classical framework that locally bounded

subsolution and supersolution of (1.1)-(1.2) in £ are in fact sub and supersolutions in
Qp.



Proposition 2.4 Assume that, for every compact subset K of I', one has

sup |F(..€) € L'(0,T), (2.9)
EeEK™

and that L is continuous on Lr, then a subsolution (resp. supersolution) w of (1.1)-(1.2)
in Qr which is locally bounded up to time T, is a subsolution (resp. supersolution) of

(1.1)-(1.2) in Q.

The proof of this result is also given in Section 7.
Finally we present a results on a change of variables which leads to simplifications in
the proof of the comparison results below.

Proposition 2.5 Let u € USC(Qr) (resp. v € LSC(Qr)) a subsolution (resp. superso-
lution) of (1.1)-(1.2) in Qr. For every v € L'(0,T), (z,r,p,X) € T'* and almost every
te (0,7), we set

uy(t,x) = POt ) (t ) = el Ty (t ),
F.(t,z,rp X) = —y(t)r+ eld ”’(S)dSF(t, x,re” s v(s)ds e 1o v(s)ds X e 1o 7(S)ds),
L,(t,z,r,p) = eld YOS (¢ re” 15 v(s)ds e~ 16 v(s)ds) (2.10)

then u,, (resp. vy) is a subsolution of (1.1)-(1.2), with (F, L), in Q.

We leave the proof of this result to the reader : it is rather straightforward by using
Proposition 2.2.

3 Comparison Result I : the Standard Case

In this section, F' is defined for almost every ¢ € (0,7') and for every & € I'; F' is also
continuous in £ for almost every t. The following conditions on the function F' are the
natural adaptations to the L'-case from the conditions given by G. Barles [3] for the
classical one. We use below the notations : a V b = max(a,b) and a A b = min(a, b).
(HO) F(.,x) € L'(0,T), for every xy € T.

(H1) For any R > 0, there exists yg € L'(0,T) such that

F(t,z,r,p, X)— F(t,x,z,p, X) > vr(t)(r — 2),

for almost every t € (0,7), for every r,z € IR, such that —R < z <r < R, and for every
(r,p,X) € Q x RN x S(N).
(H2) For any R > 0, there exists mr € M, such that, for every 0 < v, <1

F(t,y.r,q.Y) = F(t,2,r.p, X) <ma(ty+le—yl0+ 1o Vi), (1)

for almost all ¢ € (0,7) , for any x,y € Q, p,q € RY, r € IR with |r| < R and for any
matrices X,Y € S(N), satisfying the following properties

X 0 1 Id —Id
(O —Y> < ?(—Id 1d >+V]d, (3.2)
p—al < min(ve(+pl Alal),v), (3.3)
lz—y| < wve (3.4)



(H3) For every R > 0, there exists gr € M, such that
‘F(t,l’,?”,p,X) - F(tul‘a'z?pa X)l < gR(t7 |T - Z|)7 (35)

for almost every t € (0,7T), for every r,z € R, v € Q, p € R, X € S(N) with
Pl V [z Vv pl v [[X][ < R.
For the function L, the following assumptions are used.

(H4) For any R > 0, there exists vg > 0, such that, for any A > 0, t € [0,7],x € 01,
—R<z<r<R,péc IR, one has

L(t,x,r,p+ An(x)) — L(t,x,2,p) > vr A,

where n(x) denotes the unit outward normal vector to 92 at x.
(H5) For any R > 0, there exists Cr > 0 such that, for every t € [0,T],z,y € 09,
p,q € RN, 7,z € IR, with |r| V |z| < R, one has

Lt 27, p) — L{t s 2,0)] < CR((l ol + lal) e =yl + r — 2| + |p—q1).

(H6) For any R > 0, there exists a nonnegative function hg € L'(0,T), such that, for
every 0 <t <s<T,|r| <R,z €0Qand p € IRY, one has

L(t.,r.p) — L(s,2,7,p)| < (1+ o) / " h(w)dw.

t

Finally, the assumption on the domain 2 is the following.
(H7) Q is a bounded domain with a W3*-boundary.

The comparison result is the following.

Theorem 3.1 (comparison result in the standard case)

Assume that u, v : Qp — IR are respectively a bounded upper semicontinuous subsolution
and a bounded lower semicontinuous supersolution of (1.1)-(1.2) in Qp. If F, L and 2
satisfy conditions (HO)-(HT) and if u(0,.) < v(0,.) in Q, then

u<wv in  Qr. (3.6)

Before providing the proof of Theorem 3.1, we point out easy consequences of it. First,
if I e C(I'r) satisfies the conditions given in [3] and conditions (H4)-(H6) hold for L,
then Theorem 3.1 applies; it is worth point out that (H6) is a weaker requirement on L
than in [3] where it was supposed to be locally Lipschitz in time.

Next we come back on the Hamilton-Jacobi-Bellman Equation (1.5) and the conditions
on A, = 0,0L, 04, ba, Cas fo in order to have the assumptions of Theorem 3.1 being
satisfied for this equation. A natural condition is the existence of g € L'(0,T) such that,
for every o, 1 = bg, Ca, [ satisfies, for almost every ¢ € (0,7) and for every x,y € Q

[t z)] <g(t), [¥t,z)—dEty)| <g)le—yl, (3.7)

while, for o, this inequality has to be satisfied with some g € L*(0,T).

In the proof of Theorem 3.1 below, we are going to regularize F’; this is why we require
the unusual additional condition (H3) and this is also partly the role of (H2). A precise
result in this direction is the following lemma proved in Section 7.
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Lemma 3.1 Assume that I satisfies (HO), (H2) and (H3) then F is degenerate elliptic.
Moreover, if K is a compact subset of I', we have

sup |F(., x)| € L(0,T), (3.8)
xXEK
and
h’,l‘(() = sup |F(a§1) - F(7§2)| € L1(07T)7 (39)
(&1, &) € K2
|61 — & <r
and satisfies
Ry () — 0 in L'(0,T) asr — 0. (3.10)

Proof of Theorem 3.1 : As in the standard case, the proof relies on the construction of
a suitable test-function (cf Lemma 6.1) and a suitable extension of the Maximum Principle
for viscosity solutions (cf. Lemma 5.1). As in the classical case, we argue by contradiction
by assuming that
max (u—v) =M > 0. (3.11)
Qr

0. First, since u and v are bounded, we can set R := max(||u||s, ||?||s) and drop any
dependence in R in all the modulus and functions appearing in assumptions (HO)-(H6).
Moreover, by Proposition 2.5, we can assume w.l.o.g. that yg = 0 in (0,7) in condition
(H1). Finally we denote by K, h and ¢ the constants and function appearing in Lemma
6.1

1. For £ > 0, we consider the following compact subset of I"

1 1
I. = {(x,r,p,X) eI, suchthat |[r|<R+1, [p| < -, ||X]|| < —5}. (3.12)
€ €
Next we introduce a sequence (p,),>1 of smooth mollifiers, satisfying, for every n > 1,

pn € D(IR), supp(pn) C (—

S|

1
. =), / pn(s)ds=1 and p, >0 on R.
n R

If (pp)n>1 is such a sequence and h € L'(0, T), we introduce the sequence (h,,),, as follows :
we first extend h to a L'(IR) function, extending it by 0 for ¢ & (0,7) and still denoting
by h this extension. Then we set h,, = h * p,. For n > 1, we define the functions F},, m,,

G DY Falr€) = (F(.€))ns 1) = (m(, ) and gu(15) = (9(-5))n, for every € € T
and s € R*.

By standard arguments, it is easy to show that, if F' satisfies conditions (HO), (H2)
and (H3), then the following holds : for every n € IN, F,, € C(I'y) satisfies (H2) and
(H3) with m,, g, and for every compact subset K of I" and for any n € IV, we have

sup|Fo(.,x) — F(.,x)| — 0 in L'0,7). (3.13)

xeEK
2. For £ > 0, for almost every ¢t € (0,7, we set b;,(t) = —sup |F,,(¢,&) — F(t,€)|. By the
gel:

above recalled properties, for every n € IN and ¢ > 0, F,, € C(I'y) and b € L'(0,T).
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Moreover, for every € > 0 fixed, ||b;,||z10,7) — 0. Therefore, for every e > 0, we can choose
n. € IN, such that
165, 10,7y < €. (3.14)

For the sake of simplicity of notations, from now on, we write b. instead of b;,_ and F;
instead of F,_. By the definition of b., we clearly have, for almost every t € (0,7 and for

every £ € I,
be(t) + Fe(t,€) < F(L,6),  —be(t) + Fe(t,€) = F(£,€). (3.15)

3. For 0 < ¢ <v <1, for almost every t € (0,T), we set m,(t) = m(t, (2K + 1)1/) and

Mye = My, where we recall that m appears in condition (H2) on F. As mpr € H, it
is clear that m, . € C(IR). Let 1, . € C? the function given by Lemma 6.1, we define the
function @, . € C2, for (t,x,y) € R x RN x RN, by

t t
D, (t,z,y) =, (t, 2, y) + 1// h(s)ds + / my(8)ds + vt.
0 0

Then, we consider the function defined, for ¢ € [0,T], (z,y) € Q x Q, by

U, (t,z,y) = u(t,z) + /Ot be(s)ds — (v(t,y) — /Ot be(s)ds> -, (t,z,y). (3.16)

As U,. € USC([0,T] x Q x ), it achieves its maximum over [0,T] x  x Q at some
point (tye, Tue, Yue). And to simplify, we set (£, Z,9) = (tye, Tue, Yue). In the sequel, we
set p, = D,P,.(t,7,9), py = D@, .(t,Z,9) and A = D*®,_(t,,7).

4. As mpr € M, we can choose v > 0 small enough, such that

~ )
||m6,y||L1(07T) +V||h||L1(O,T) +VT S 5 (317)
With this choice of v, classical arguments allow to prove that we have
[z —

£
u(t,z) —v(t,y) > M —6 >0, t>0, fore smallenough. (3.19)

—0 as e£—0, (3.18)

Noticing that p, = Dy, (t,%,9), p, = Dyb,.(t,%,9), A = D*),.(t,Z,y), Lemma 6.1
show that, for 0 < ¢ < v <1 small enough, we have

[l VIpy| < 7' ||Al] < 3Ke7?, (3.20)
L(t,z,u(t,z),p:) >0 if T €, (3.21)
L(t,y,v(t,y), —p,) <0 if §e . (3.22)

By (3.18), for £ small enough, |z — g| < ve and therefore, inequality (6.6) in Lemma 6.1,

v,e

shows that t’ (.,z,y) > —vh in D'(0,27T), for every (z,y) € B%’Q(i,g). This implies
the following inequality
0P, .

5 (,z,y) >m,()+v in D(0,2T), forall (z,y)€ B%@(i,g). (3.23)
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5. Next we use Lemma 5.1. We choose A = ¢7°. By (3.20), it is clear that for ¢ small
enough, we have A > 3||A||. Then, let (X,Y) € (S(N))?, with || X]|| V |]Y]| < A. By
(3.20), for every (x,,p), (y,v,q) in £* closed enough to (zZ, u(t, z), p,) and (g, v(t,4), —py)
respectively, we have (Z,u(t,Z),ps, X), (§,v(t,7), —py, Y) € I.. And therefore, (3.15)
shows (5.2) and (5.3), with by = —by = b., G = Gy = F.. Thus, using also (3.18),
(3.21), (3.22) and (3.23), we can use Lemma 5.1 with ¢ =1, ., A, by, by, G1, G5 and with
¥ =m,,. + v. Therefore, there exists (a,b) € R?, (X,Y) € (S(N))?, such that

t
(a,p0, X) € Pot (u(f, z) + / bs(s)ds), (3.24)

0

7
pe) € P (o) - [ #s), (329

0
a—b > my(t)+v, (3.26)

1 X 0 5
—<@+||A||)1d < < 0 _Y>§A-|—3€A. (3.27)
From inequalities (3.20) and (3.27), it is easy to show that, for £ small enough,
1 2

X, < =— A —. 3.28
max([[ X [[Y]]) < o + 1Al < 33 (3.28)

Therefore, by (3.12), (3.20) and (3.28), if £,&’ € T are closed enough to (z, u(t, Z), p., X)
and (g, v(t,9), —py, Y) respectively, then &, &’ € I.. This shows that the inequalities (3.15)
hold true for almost every ¢ in some neighborhood of ¢ in (0,7, for every £, € T' in
some neighborhood of (z, u(t, z), p,, X) and (t,v(t,y), —py, Y), respectively.

6. Since u and v are respectively subsolution and supersolution of (1.1)-(1.2) in Qp, we
get using (3.21) and (3.22) and then (3.15), (3.24), (3.25)

a+ Fe(fafau(fa i’)apan) S 07 b+ Fe(ﬂgav(ﬂ g)a _pyvy) Z 0.

We have used in the above inequalities that F. € C'(I'r). Moreover since (H1) holds with
~vr = 0, this implies by (3.19) and (3.26)

my,s(ﬂ +v S AE,Z/ = Fs(fu g,”l)(t_, g)7 _py7Y> - Fs(t_vju U(ﬂ g)?])va) (329>

7. To estimate A, ,, we are going to use condition (H2) on F.. To this end, we need the
following technical lemma, the proof of which is postponed.

E=cK Y2 i =2K3w.

Thanks to Lemma 3.2, we can use (H2) for F. to get, for £ small enough,

A, < mns,R(t, 2Kby + |7 — gl(1+ pa] v |py|>), (3.30)
< Mp.r ( 2K 3y +2 12 y') by (3.20), (3.31)

£
< Mp. R (t, (2[~(% + 1)1/) =my,(t) by (3.18). (3.32)

12



This gives a contradiction with (3.29) and the proof of Theorem 3.1 is then complete.

Now, it remains to provide the proof of Lemma 3.2: inequality (3.20) shows that,
for € small enough,

3¢°||A|]* < 27TK% < K. (3.33)

Therefore, inequalities (3.27), (3.33) and property (6.5) on the function v, ., imply that

X 0 5 42
(O —Y) < A+3¢°A

K ( I1d -Id
e2 —Id Id

) + 2KvId. (3.34)

This shows that (X,Y) satisfies (3.2), with (£,7), as K > 1.

Let us prove now that (p,, —p,) satisfy (3.3), with (¢,7). By (6.4), we have
[z — 9P
-2

e +py| < K + Kuve. (3.35)

And therefore, using (3.18), it is clear that, for € small enough, |p, + p,| < 2K2y. On
another hand, by (6.2), we have for € small enough,
[z —
-2

< Klpo| Alpy| + K. (3.36)

Inequalities (3.18), (3.35) and (3.36) imply that, for € small enough, the following inequal-
ities hold

|ps + Dyl

<
< K|z —gl(lpz| A Ipy|) + KP|2 — | + Kve,
< 2Kve(1+ |pl Alpy)) = 75(1+ [pal A lp, ). (3.37)

This ends the proof of Lemma 3.2.

4 Comparison Result II : the Singular Case

Asin the standard case, the following conditions on the function F' are naturally adaptated
to the L'-case from the conditions given by G. Barles in [3].

We denote by conditions (HO0-2), (H1-2) the conditions (HO), (H1) where we also
suppose that p # 0.

The conditions (H2) and (H3) are replaced by the following ones
(H2-2) For any R > 0, there exists mgr € M, such that, for all 0 < v <1

F(t7y7TJQ7Y) _F(thvrap?X) S mR<t,V—|—\x—y\(l+ |p| \% |q|)>7 (41)
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for almost all t € (0,T) , for any x,y € Q, p,g € RN\ {0}, 7 € R, |r| < R, 0 < ¢ and for
any matrices X, Y € S(N), satisfying the following properties

X 0 v Id —1Id
(O —Y> < ;(—]d Id >+l/[d, (4.2)
p—dl < min(e(p| Algl).v), (4.3)
lz—y| < wve. (4.4)

(H3-2) For every R > 0 and a > 0, there exists g% € M, such that
‘F(t,l’, U, P, X) - F(ta T,v,p, X)’ < g%(t7 ’u - U|), (45)

for almost every t € (0,7T), for every u,v € IR, v € Q, p € RN \ {0}, X € S(N) with
Ju V| VIp| V [[X]] < R and |p| > a.

We also need some information on the possible singularity of ' at p = 0. It is the object
of the following condition on F' which corresponds, in the case where F' is continuous in
time, to the assumption (ii) of Proposition 2.3.

(H2-3) There exists a function f : (0,T) x Q x IR — IR, such that, for every R > 0, there
exists kg € M, with

|E(tx,m,p, X) = [t 2, )] < kr(t, [ + [|X])), (4.6)

for almost all ¢ € (0,T), for every |r| < R, p € RN \ {0} and X € S(N).

The function f satisfies the following property,
for every R > 0, there exists fr € M, such that, for almost every t € (0,7), for every
z,y € Qand r,z € R, with |r| V |z| < R, one has

|f(t,£L‘,T) - f(t>yv Z)| S fR(ta |ZL‘ - yl + |7" - Z|) (47)

For the function L, we modify the above assumptions as follows : L is independent of
r € IR and homogeneous of degree 1 in p and we say that L satisfies (H4-2), (H5-2),
(H6-2) respectively if it satisfies (H4), (H5), (H6) with vg, Cg, hr independent of R
(and dropping, of course, the |u — v| term in the left-hand side of the inequality in (H5)).
The result is the following.

Theorem 4.1 (comparison result in the singular case)
Assume that u, v : Qp — IR are respectively a bounded upper semicontinuous subsolu-
tion and a bounded lower semicontinuous supersolution of (1.1)-(1.2) in Qr. If Q sat-
isfies (H7), F, L satisfy conditions (H0-2)-(H6-2) and and condition (H2-3) and if
u(0,.) < v(0,.) in Q, then

u<w in  Qr. (4.8)

As in the case of Theorem 3.1, we point out easy consequence of Theorem 4.1. Again,
if '€ C(I'}) satisfies the conditions given in [3] and L conditions (H4-2)-(H6-2), then
Theorem 4.1 applies and we still notice that (H6-2) is a weaker requirement on L than
in [3] where it was supposed to be locally Lipschitz continuous in time.
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We come back to the geometric equation (1.6): the assumptions of Theorem 4.1 hold
for (1.6) if a := oo” with o satisfying (3.7) with g € L?(0,T) while b has to satisfy it
with g € L1(0,T).

As in the proof of Theorem 3.1, we are going to regularize F' but we have this time to
take care of the singularity for p = 0. The following lemma is the analogue of Lemma 3.1.

Lemma 4.1 Assume that F' satisfies (H0-2), (H2-2) and (H2-3). For every compact
subset K of T, then (3.8)-(3.9)-(3.10) with K replaced by K*. Moreover, if f is the
function given in condition (H2-3), then for every R > 0, we have

sup |f(.,2)| € L}(0,T),

2€EQR

where we have set Qr = Q x [-R,+R).

Proof of Theorem 4.1: The proof of Theorem 4.1 follows essentially from the same
ideas as the proof of Theorem 3.1 and we use the same notations, in particular for the
regularization procedure; it is based on the Lemmas 5.1, 5.2 and 6.1.

0. First, since u and v are bounded, we can set R := max(||u||oo, ||v]|o0) and drop any
dependence in R in all the modulus and functions appearing in assumptions (HO-2)-
(H3-2). Moreover, by Proposition 2.5, we can assume w.l.o.g. that vz = 0 in (0,7") in
condition (H1-2).

1. We argue by contradiction by assuming that

max (u—wv) =M > 0. (4.9)

Qp
2. For € > 0, we consider the following compact subsets of I'* and I' respectively,

J. = {(z,r,p, X) €D, |r|<R+1, < |p| <™l || X]| <71, (4.10)
K. = {(z,r,p,X) €l [r|<R+1, |p|+[[X]| <e} (4.11)

For n € IN, € > 0, for almost every ¢t € (0,7, we set

ké(t) = _kR+1(t78)7 CN(t> == Es;(lp |f(t’ 2) - fn(taz)|7

By standard arguments, one shows that, for every n € IN and € > 0, ¢,, b5, € L'(0,T),
with for every ¢ > 0

leallzrory — 0, |05|lcior) — 0, as n— 4oo. (4.13)
Therefore, for any € > 0, we can choose n. € IV, such that
llen o) + 1105 |20 < e (4.14)

If we set F. = F,,_ where F,,_ is the regularization in time of F' by convolution as in the
step 1 of Theorem 3.1, then it is not difficult to show that F. is continuous on J. and can
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be extended as a continuous function on I'r. In the sequel we set, for e > 0, f. = f,. and
d. = b;,_+ cp. + k.. By Lemma 4.1, we have for every ¢ > 0, f. € C(IR x Q x IR). As
kri1 € M, ||ke|| 10,y — 0, as € — 0 and combining it with (4.14), we get

||dell L1 0.r) = 0. (4.15)

e—0

It is clear, using that d. < b;,_a.e. in (0,7'), that for almost every ¢ € (0,7") and for every
¢ € J., one has

ds(t) + Fe(t7§) S F(ta§)7 _d6<t> + FE(tvg) Z F(taé.) (416)

Then, condition (H2-3) on F, implies that for every & = (z,7,p, X) € K7, for almost
every t € (0,7,
|F(t,8) — f(t,,7)] < kraa(t e) = —ke(1).

Therefore, using that d. < ¢,_+k. a.e. in (0,7, the following inequalities hold, for almost
every t € (0,T) and for every & = (z,r,p, X) € K7,
de(t) + fe(t,m,r) S F(4,6),  —de(t) + folt,x,7) > F(t,6). (4.17)

Now, as we have supposed v = 0 in (H1-2), for every € > 0, (¢,z,p, X) € IR x Q x RN \
{0} x S(N), r, z € R, with r < z, the following inequality holds

F.(t,x,r,p,X) < F.(t,x,z,p, X). (4.18)

3. For 0 < e <wv <1, for almost every ¢t € (0,7), we set m,(t) = mg(t,2v) + fr(t,v)
and my,.(t) = my,_(t). As mg, fr € H, it is clear that, m,. € C(IR). We define the
function @, . € C2, for every (t,z,y) € IR x RN x RY, by

6 t t
O, (t,x,y) = (wyﬁs(t, z,y) + 2fi'z/€) + I// h(s)ds + / my(s)ds + vt.
0 0

Then, we consider the function defined, for ¢ € [0, 7] and (x,y) € Q x Q, by

U, (t,z,y) =ult,z) + /Ot d.(s)ds — (v(t,y) — /Ot dg(s)ds) -, (t,z,y). (4.19)

As U,. € USC([0,T] x Q x ), it achieves its maximum over [0,7] x Q x Q at a
point (t,c, Ty, Yve). To simplify, we set (t,Z,7) = (tve, Tve Yve). In the sequel, ¢, =
D,®,(t,2,7), ¢y = Dy®,.(t,7,7y) and A = D*®, (,Z, 7).

4. Now we use Lemma 6.1. Since mpg, fr € M, we can choose v > 0 small enough, such
that

~ M
HmyHL1(07T) —+ VHhHLl(O,T) + T < 7
With this choice of v, using again standard arguments, we have
7 —
€
uw(t,z) —o(t,y) >0, t>0 for & small enough. (4.21)

—0 as ¢—0, (4.20)
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5. Easy computations gives ¢, = (3,.D.,.(t,Z,y) and ¢, = [,-Dy, (1, Z,y) with

SN
Bve = gue(t,T,y) where g,. is given by g¢,.(¢t,z,y) = 6 <¢V7E(t,x,y) + 2K1/5> . Property
(6.1) on F' shows that 0 < f3,, for every e small enough. Therefore, (4.20), properties
(6.9), (6.10) and the fact that L is homogeneous of degree 1 in p, show that, for £ small
enough

L(t,z,u(t,z),q.) > 0 if €09, (4.22)

For almost every t € IR and for every (z,y) € RN x IRN, we have

0P,
ot

ve

(t,x,y) = gue(t, z,y) ag}t (t,x,y) + Vﬁ(t) +my(t) + v, (4.24)

Using (4.20), for € small enough |z — g| < %5, and therefore if (z,y) € B%7§<f,@7), then

|z — y| < 2ve. This shows at first, by property (6.1), that for £ small enough, for every
te R, (zv,y) € 3%575(.%, ), the following inequalities hold

0< gue(t,z,y) <1 (4.25)

And then, (4.24), (4.25) and property (6.6), show that

0P,
ot

(zy) >my()+v, in D(0,2T), Y(z,y) € By o(Z, 7). (4.26)

Now, we are going to consider two cases, whether |Z — 7| < 3K2%ve? along a subsequence
or not.

6. We first assume that |z — gy| < 3K2ve? along a subsequence and, to simplify the
exposure, we assume that it is true for every 0 < ¢ < v < 1. In the sequel, we set
Ay = Di®,(t,7,7) and A, = D;®,(t,Z,7).

By the estimates on the test-function (cf. (6.1)) and using (4.17), it is easy to show
that, for € > 0 small enough, for almost every ¢t € (0,7, for every & = (x1,71,p1, X1), & =
(w9, 72,2, X2) € T in some neighborhood of (z,u(t, ), ¢., Az) and (g,v(t,9), —q,, —Ay)
respectively, the following inequalities hold,

d.(t) + f- (t,xl,rl + (v(t, y) — ult, x))) < F(t,&),
—d.(t) + fe(t,xa,m0) > F(t,&). (4.27)

In the sequel, we define G, G. € C(I'p), for (¢,€) = (t,z,r,p,X) € Ty, by

G:(t,8) = f. (t,x,r + (v(f, 7) — uf(t, i’))), G(t,6) = f-(t,z,7),

for every t € [0,7] and £ = (z,7,p, X) € I'. Inequalities (4.21), (4.22), (4.23) and (4.26)
show that we are in position to use Lemma 5.2, with b; = —by = d., ¢ = ®, ., G = G,

17



Gy = G. and U(t, x,y) = m,.(t) + v, for every (t,z,y) € IR x RN x IRN. Therefore, we
obtain

my () +v < AL = fo(f,5,0(,9)) — f-(£, 7, 0(, 7). (4.28)
Then, the properties of f and (4.20) show that, for e small enough,
Ai < foer( 1T =) < fra(Gv) <my(2).

Which is a contradiction with (4.28).
7. Now we assume that |z —gy| > 3K2ve? along a subsequence, and to simplify we assume
that it is true for every 0 < e <wv < 1.

Using again the properties of the test-function, we have, for € > 0 small enough,

Al < €72, |g| A lq,| > 0. (4.29)

Moreover, for almost every ¢ € (0, T), for every (X,Y) € (S(N))?, with || X|| V ||Y]] < 7%,
we have

dE(t) + FE(tv l’,T,p,X)

_de(t) + Fs<t7 Y,%,4, Y)

F(t7x7r7p7X)7

<
Z F<t7y7Z7Q7 Y)? (430>

for every (z,r,p), (v, z,q) in ¥, in some neighborhood if (z, u(t, z), ¢,) and (g, v(t,9), —qy)
respectively.

First of all, by (4.29), for ¢ small enough, 3||A|| < ¢*. Then, inequalities (4.21),
(4.22), (4.23), (4.26) and the above properties show that we are in position to use Lemma
51, with A=¢e™ by = —by=d.,, G; =Gy =F. and p = ®,_, I(t,z,y) = m,.(t) + v,
for every (t,z,y) € IR x RN x IRYN. Therefore, there exists (a,b) € R?, (X,Y) € (S(N))?,
such that

(a,qu, X) € Py (u(f, z) + /O tds(s)ds), (4.31)

(b, —q,,—Y) € 73?;; <U(E, ) — /O tds(s)ds), (4.32)
a—0b>my(t) +v, (4.33)
_(%THM®IMS<§ g,)§A+&M? (4.34)

Using Lemma 6.1 in Section 6, (4.34) and, again, the fact that for £ small enough,
3J|A|| < e, we get

12
IXIVAYIT < [JAll + 57 < (4.35)

el 7 3et
But we also have €0 < |q| A |g| < 1¢z| V |gy] < €' and, using (4.16), we deduce that,

for ¢ > 0, small enough, for almost every ¢t € (0,7), for every &,& € I'*, in some
neighborhood of (z, u(t, z), ¢,, X) and (g, v(¢,9), —q,, Y') respectively, we have

df(t) + FE(tafl) < F<t7§1)a _ds(t) + Ffs(t’g?) > F(t7§2)‘
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8. Aswu and v are respectively subsolution and supersolution of (1.1)-(1.2) in Q7, (4.21),
(4.22), (4.23), (4.31), (4.32) and the above properties show that

a+ FE(Za*Tau(E? f)aqx7X> S 07 b+ FE(tj y?”(ﬂg)a _qy>Y) 2 O

(We have used in the preceding inequality that |g.|,|q,| > 0 by (4.29) and that F. €
C(T'%)). This implies, using (4.18) and (4.33), that the following inequality holds

my(8) + v < A2 = F.(t,5,0(,9), —q,,Y) — F-(6, 2,0, §), ¢z, X). (4.36)

9. An estimate of A?. To get such an estimate, we are going to use condition (H2-2)
on F., that is the reason why, we need the following lemma.

Lemma 4.2 For ¢ small enough, (X,Y), (¢, —q,) and (z,y) satisfy (4.2), (4.3) and
(4.4) with (e,v), and moreover

o] V gyl <7 (4.37)

We postpone the proof of this lemma at the end of this subsection and end the proof of
Theorem 4.1. By (4.20) and (4.37), we get for € small enough

A2

IN

mis (Lv+ 17— 911+ |qu] V]ay))),
miy (f, v+ 2|:c€— yl),

< ml(t,2v) <m,.(1).

IN

This gives a contradiction with (4.36) and therefore the proof of Theorem 4.1 is complete.

To conclude, we provide the proof of Lemma 4.2: we first introduce some notations
and give some estimates, which will be useful. For every 0 < ¢ < v < 1, we set p, =

Doty (t,%,9), py = Dyt (t, 7, 7), Cpe = D*¢y,(t, %, 7) and
Qe = Yy (1, 2,7) + 2Kve, [,.=6 ozf’,a, Ve = 30 oszg. (4.38)

We clearly have

Qe = ﬁya Pz, Gy = 51/8 Dy, A= ﬁV6 OM& + Yoe B7 (439)
De @ Pz Dz @D

where B = vol. 4.40

( Dy & Dz Dy ®py ) ( )

It is not difficult to show, that
1BI] < 2(Ipa| V Ipy])*. (4.41)
Lemma 6.1, inequalities (4.20), (4.39) and (4.41) show the following assertions

Qes BuesYwe = 0, €(Ipe| VIpyl) = 0, [pe+pyl = 0, as e—0, (4.42)
|Coel | V[|Bl] = O(72),  ||A]| < (Boe + e) O(72). (4.43)

19



We have already proved (4.37), let us show that (X.,Y), (¢., —¢,) and (Z,7y) sat-
isfy (4.2), (4.3) and (4.4), if we choose ¢ small enough. By (4.20), it is obvious that
(z,y) satisfies (4.4), for ¢ small enough. Then, inequalities (4.39), (4.42) and (4.42)
show that, |¢, + ¢,| < v, for € small enough. Therefore, to show that (g, —q,) satisfies
(4.3), we only have to prove that |¢, + ¢,| < €|g.| A |gy|, which is equivalent to prove that
Dz + Pyl < elps| A |pyl, by (4.37). By property (6.2), we have

|z — 9

S0 < Ral A o) + RPve.

Combining it with property (6.4) and using (4.20), we obtain
e+ 0yl < KT =3l (Ipal A lpy|) + KPvelz —g| + Kve,
-, . K* &
< el A (B2 o =51+ Goelo =51+ 5),
< e (|pz| N|pyl), for e small enough.

Let us show now that (X,Y) satisfies (4.2). First of all, by (4.42) and (4.43), for € small
enough, 6¢*||A||> < v, and therefore, by (4.34), the following inequality holds

X 0 v
( 0 _v ) < A+§Id. (4.44)

To conclude, it is enough to show that for € small enough, we have

v Id —-I1d v
A§€—2(_Id 1d >+§Id. (4.45)

It is not very difficult to prove that the matrix B defined in (4.40) satisfies

4 -1d
B = (Ipx|2+!py!2)(_[d Id )+|px+pyl21d,
v Id —Id
;(_M 1 >+Id, (4.46)

for ¢ small enough, using (4.42). Therefore, (4.39), (4.46), property (6.5) and finally
(4.42), show that, for £ small enough,

A = 5V€D21/}V€(t_7j7g) +’YV€B7
v KB,e Id —Id -
S 5_2 (71/5"’7) ( —Id Id >+<Kﬁual/+’71ja)lda

v Id —1Id v

The proof of Lemma 4.2 is then complete.
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5 The Maximum Principle for Viscosity Solutions of
the Neumann Problem in the L'-case

In this section, if m > 1, O C R™, z € O and r > 0, we set B,o(z) = B.(2) N O
and B,.o(z) = B.(2) N O. In the following lemmas, u € USC(Qr), v € LSC(Qr) are
respectively subsolution and supersolution of (1.1)-(1.2) in Q7. We suppose moreover
that u and v are bounded over Qp. For z € Q x Q and r > 0, we set, to simplify,
B,q(2) = B.axa(z) and B, o(2) = B,g.ql(2).

The following lemma is largely inspired of the Maximum Principle for viscosity solutions
proved by Crandall, Ishii and Lions in [9]. It is a key result to show the comparison results
either in the standard and in the singular cases.

Lemma 5.1 Let (t,z,7) € (0,7] x Q x Q, b1,by € LY(0,T) and o € C? be such that
(t,Z,7y) is a mazimum point of

U(t,x,y) = u(t,x) + /Ot bi(s)ds — (v(t,y) + /Ot bQ(s)ds> —o(t,z,y), (5.1)

over (0, T x Qx Q. If A= D*¢(t,2,%), p. = Dup(t,7,%), ¢ = —Dyo(t, Z,9), we assume
that there exists Gy, Gy € C(T'p) and A > 3||A||, such that, for every (X,Y) € (S(N))?,
with || X ||V |[Y]] < A, we have

bi(t) + G1(t,x,r,p, X)
b2(s) + G2(57 Y,v,q, Y)

F(t,x,r,p, X), (5.2)

<
> F(s,y,v,q,Y), (5.3)

for almost every t € (0,T) in some neighborhood of t and for every (x,r,p), (y,v,q) in X*
in some neighborhood of (Z,u(t,z),p.) and (g,v(t,y), q,) respectively. Finally we suppose
that there exists r > 0, ¥ € C((0,2T) x B,g(2)), such that

aa—f(,z) >9(.,2) in D'(0,2T), Vze B,g(2), (5.4)

and that we have
L(t,Z,u(t,z),p;) >0 if T €N (5.5
L(t,y,v(t,9),q,) <0 if y€IN (5.6

A X 0 3 o
—_ | = < < _
(3+1|AH)1d_(0 _Y>_A+AA

a—b>9(tz,7). (5.7)



We then give the following lemma, which is used to get the comparison result in the
singular case.

Lemma 5.2 Under the same conditions and with the same notations as in Lemma 5.1
but replacing (5.2)-(5.3) by : there exists G1,Gy € C(I'r), such that

bl(t) =+ Gl(t,fl) S F(t,fl) and bg(t) + GQ(t,gz) 2 F(t,gg), (58)

for almost every t € (0,T) in some neighborhood of t and for every &, & € T'* in
some neighborhood of (Z,u(t,z),ps, Az) and (g,v(t,7),q,, By) respectively with A, =
D2p(t,z,y), B, ——D2go(t_ ,9). Then, we have

ﬁ(ﬂ*@@) S GQ(iZJﬂ)(Z’ y) Qy7 ) Gl( (E, j)vpxyAx)- (59)

We first give the proof of Lemma 5.2, the (very technical) proof of Lemma 5.1 is
postponed at the end of this section.
1. We first assume that ¢ € C? in  and t. We are going to prove that, we have

o —(t,Z,9) < Go(t,9,0(t,9), gy, By) — G1(t, T, u(t, T), py, As). (5.10)

For v > 0, we consider the following function ¥, defined for (¢, s, z,y) € (0,T] x (0,T] x
Q x Q, by

[s —t]?

woltos, ) = o)+ [ o= (sl + [ nlr)ar) = pten) - P
—(t =0 |z —z|" =y —gl"

Let 1o > 0, small enough, such that the function given by (5.1) achieves its maximum at
(t,z,7) over K,, where K,, = [t —ro,t + 7o) X B, g(Z,7), if £ <T and

K, = [t —r0,T] x B, (7, y) if t=T. As ¥, € USC((0,T] x (0, T] x Q x Q), it achieves
its maximum at (t,,s,,z,,y,) over K,,. And it is not difficult to show that, as v — 0,

(tl/7 Slj?xl/?yl/) - (57 _7 j? g)? u(tl/7$l/> - u(£7 'f)7 U(Sy,gy) - /l)<t_7 g). (5'11)
If we denote by g, the following function, defined for (¢, z) € Qr, by

[t —s,|?

)2 2
5 +(t—10)°+ |z — 7|

gv(t, ) = o(t, z,4,) +

and set p, = Dg,(t,,x,) and X, = D?g,(t,,x,), it is clear that the function (t,z) —
u(t,r) + fo bi(s)ds — g,(t,x) achieves a local maximum over Qg at (t,,x,) and (5.11)
Shows that, asv — 0

pp— pr and X, — A, (5.12)
By (5.8), (5.11) and (5.12), we have, for v small enough,
bl(t> + Gl(taf) < F(t7€)7
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for almost every ¢ € (0,7) in some neighborhood of ¢, and for every £ € I'* in some
neighborhood of &, = (x,,u(t,, x,),p,, X,). If T € Q, then by (5.11), for v small enough,
z, € Q. Now, if Z and z, € 99, then as L(t,Z,u(t, T), p,) > 0, using (5.11) and the con-
tinuity of L, for v small enough, we have L(t,,z,,u(t,,z,),p,) > 0. As u is a subsolution
of (1.1)-(1.2) in Qr, then in any case, for v small enough, the following inequality holds

0 t, — S,
Sp(tw‘rwyu) + + Q(tu - E) + Gl(tua SV) < 0.
ot v
. . ° |5 - tl/’2 14
Using that the function (s,y) +— v(s,y) + [ bo(r)dr + o(t,,z,,y) + —o + |y — 9|
v

0o _ _
has a local minimum at (s,,y,) over Qp, that L(¢,y,v(t,9),q,) < 0 if g € 0Q and that v
is a supersolution of (1.1)-(1.2) in Qr, we can show similarly that

t

v — Sy

1%

+ G2(8V7 yya U(SV7 yu), qya Y;/) Z 07

where, as v — 0, ¢ — ¢, and Y, — B,. Therefore, combining these two inequalitites,
we have proved, that for v small enough, the following inequality holds

0
8_s:(tl/7xl/7y1/) + Q(tl/ - E) S G2(SV7yV7U<SV7yV)7qy7 YV) - Gl(tll7xl/7u(tV7xl/)7pl/7Xl/))

which gives (5.10), using (5.11) and letting v go to zero.
2. Assume now that ¢ € C7 and satisfies (5.4). Let (pn)n>1 a real mollifier. For every
n > 1, we define ¢, € C%, 9, € C, for z € Q x Q, by

On(2) = (. 2) * pn, V(. 2) =0(., 2) * py, in IR

By (5.4), there exists 6 > 0, such that, for n large enough

a;” >V, in [t—0,t+ 5] x B,5(7,7). (5.13)
And, by classical arguments, we have, as n — 400,
(Uns On, Dion, D*0,) — (0,9, Do, D*p), uniformly in K. (5.14)
For every n € IV, let 1, € C2, defined for every (t,z,y) € (0,T] x Q x Q, by
Ua(t,z,y) = gt 2,y) + (8 =8 + o — 2" + |y — g

It is not difficult to show, using (5.14), that the function
t t
(t2) = uta) + [ bty - (v<t,y> + bgmdr) Yt y),
0 0

achieves its maximum at (¢, z,, y,) over K, , with as n — +o0

(tns Ty yn) = (6,2,7), ultn, v,) — u(t, ), v(tn, yn) — v(t,7),
Dn = wan(tn7xn7yn) — DPuz, Gn = _Dywn(tna i yn) - Qy,
Xn = D?gwn(tna xmyn) — Aac7 Yn = _D§¢n<tn; xmyn) - By' (515)
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Therefore, (5.8) is satisfied for almost every t € (0,7") in some neighborhood of ¢,, and
for every &1, & € I'* in some neighborhood of (z,, w(t,, 5), Pn, Xn) and (Yn, v(tn, Yn), @n, Yn)
respectively. Then, by the preceding step, we obtain that, for n large enough,

On
ot

0P,
tn7 ny In 2t _t
o b s ) + 2t — 1)

§G2(tmynav(tmyn) An, n) Gl(tnv'xn7 (tnaxn)apnaXn)-

(5.16)

(tn7 xn; yn) -

Using (5.13), (5.15), (5.16) and finally (5.14), we get (5.9) by letting n tend to infinity.
And the proof of Lemma 5.2 is complete.

Now we turn to the proof of Lemma 5.1 . It relies on the following proposition,
which long and very technical proof is postponed. In the sequel, k € IN, k > 1 and for
everyt=1...k, Nye IN, N; > 1. We set N = N; + ...+ N;.

Proposition 5.1 Let I a bounded segment of IR, O; a locally compact subset of RN,
u; € USC(I x O;), for everyi = 1...k. We set O = Oy x ... x Oy and define the
following function fort € I, x = (x1,...,x) € O, by w(t,z) = uy(t,z) + ... + up(t, ).
Let p e C2, 9 € C,r>0,J DI an open subset of IR, such that the function w — ¢ has
a mazimum point at (t,2) over I x O and such that

op(., )

5 >9(,z) in D'(J), Vzxe B, o), (5.17)

We set A = D?p(t,2) and we say that ¢ > 0 satisfies P(f

z,w, @) if €||Al| < 1 and if
there exists r. > 0 and C. > 0 such that, for everyt=1,...,k

a; < C., whenever (a;, p;, X;) € PIQ’XJFOiui(ti,xi,)
with  [t; — 1| + |2 — 2| + |wi(ti, 25) — wi(f, %) + [pi — Da,p(f,2)] <72
2
and |1XJ1 < 2+ ]1A]. (5.18)

Then, if € satisfies P(t,&,w, ), there exists (ay, ..
S(Ny) x ... x 8(Ng), such that

.,ak) € IR* and (Xl,...,Xk) S

(as, Dy, 0(t,2), X;) € PIX(’) ui(t,2;), for every i=1...k, (5.19)
) Xy ... 0

— <E+HAH>[§ P | S AveA (5.20)
0 ... Xg

ap + ... +a, > 9, 1). (5.21)

Proof of Lemma 5.1:  We are going to use Proposition 5.1, with I = (0, T],J = (0,27),
k = 2 N1 NQ = N, Ol = 02 == Q, (f,fl,fg) = (f,i’,g), and U,l(t,l') == U,(t,{lf) +
fo bi(s)ds, us(t,x) = —(v(t,z) + fot ba(s)ds), for every (t,z) € Qp. To show Lemma 5.1,

3 _
we just have to prove that ¢ = A satisfies P(t, (z,y),w, ). First of all, by hypothesis
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A > 3||A|| and therefore ¢||A|| < 1. Next, for (¢1,21), (t2, x2) € Qp, 7 > 0, we consider

(a,p, X) € Pé’;rul(tl, ]31), (—b, —q, —Y) c PéjUg(tQ,fL’QL (522)

‘tl — ﬂ + ’1'1 — .’El + \ul(tl,xl) — ul(f, ii')’ + ’p —px‘ < 7_°, (523)

lt2 — 8] + |z2 — gl + [ua(ta, 22) —wa(t, )| + ¢ — g <7, (5.24)
2A

PV YIS 2+ (1Al (5.25)

It is worth noticing that (b,q,Y") € 77(22; (v(t,x) + f(f ba(s)ds) = —Pé’:ug(tg, Tg).
Using again the fact that A > 3||A|| and inequality (5.25) imply that || X||V||Y|| < A.
Inequalities (5.23) and (5.24) show the following

lu(ty, o) — u(t, z)| < |ug(ty, o) — ui (8, Z)| + |/t bi(s)ds| <7+ |/t bi(s)ds| — 0,
olt2,22) = 0(E. )] < funlta,22) = () + | [ als)ds

t
< 7’—1—\/ ba(s)ds| — 0, (5.26)
t

as 7 — 0, using that by, by € L'(0,T) and |t —t| < 7. Therefore, (5.24), (5.25), (5.26), the
fact that || X||V||Y]] < A, show that (5.2) and (5.3) hold, for almost every ¢,s € (0,7 in
some neighborhood of 1, ty respectively and £, & € I'* respectively in some neighborhood
of & = (x1,u(ty, z1),p, X) and & = (2, v(te, x2),q,Y') respectively.

If Z (resp. y) € Q, then by (5.23) (resp. (5.24)), z1 (resp. z2) € 2, for 7 small enough.
Now, if z and x; (resp. y and z5) € 052, then by (5.5) (resp. (5.6)), using the continuity
of L and (5.23) (resp. (5.24)), we have, for 7 small enough,

L(ty,z1,u(ty, 21),p) > 0 (vesp.  L(tp, zg,v(t2, 72),q) < 0).

Therefore, as u (resp. v) is a subsolution (resp. supersolution) of (1.1)- (1.2) in Q7 (5.22)
and the preceding remarks, we have shown, for 7 small enough,

a+G1(t1,§1) S 0 and b+G2(t2,€2) Z 0.

This shows the desired estimates on a and —b since Gy,G2 € C(I'y) and Lemma 5.1
follows from Proposition 5.1.

Now we give the proof of Proposition 5.1. It is based on the following result which
is largely inspired of the analogous lemma given in [9].

As defined and used in our paper, for m > 1, © a subset of IR™, USC(O) consists of
the upper semicontinuous functions mapping © into IR; however it is convenient to allow
the value —o0, so in the sequel, we define USC(0) as the subset of upper semicontinuous
functions over © taking values in IR U {—o0}.

Theorem 5.1 For every i = 1,....k, let u; € USC(IR x IR™)). Fort € R,x =
(w1, k) € RM x ..o x RYs, we set w(t,x) = ui(t,x1) + ... + ug(t, z1). Assume
that u;(0,0) =0, for everyi=1,..., k. Let A € S(N), such that the function

(t,x) — w(t,z) — %Ax -z,
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has a strict mazimum point over IR x RN at (0,0).
We say that € > 0 satisfies P(w, A), if €||A|| < 1 and if there ezists r. > 0 and C. > 0
such that, for everyi=1...k,

a; < C., whenever (a;, pi, X;) € P>V ui(ty, x;), (5.27)
2
and || X;]| < B + || A]l. (5.29)

Then, if ¢ satisfies P(w, A), there ezists (a1, ...,a) € R* and (X1, ..., X})
€ S(Ny) x ... x S(Ng), such that

(a;,0, X;) € P*Tu;(0,0),  for every i=1...k, (5.30)
] Xy ... 0

- <g+y|A|y)I§ oot < A+eA? (5.31)
0 ... X

ar+...+a,=0. (5.32)

Proof of Proposition 5.1 : the proof of Proposition 5.1 is divided into two steps. In
the first one, we suppose that ¢ € C? and use Taylor’s formula while, in the second one,
we regularize the function ¢ in order to be in position to use the first step.

First Step. Suppose that ¢ € C?. We are going to prove that there exists (ai, ..., a;) €
IR* and (X1,...,X}) € S(N1) X ... x S(NVy), satisfying (5.19), (5.20) and

a+...+ap = a—(t_,a_:,gj) (533)

1. In order to simplify matters, we make some reductions. We may as well assume
that I = IR, for every i = 1...k, O; = R™ and that (£,7) = (0,0). Indeed, let I a
compact neighborhood of £ in I and for every i = 1...k, K; a compact neighborhood of
Z; in O;. For i = 1...k, we denote by u; the function which is equal to u; in I x K;
and to —oo otherwise. For every ¢ = 1...k, the closeness of I x K; guarantees that
i; € USC(IR x RN"). Now, it is not difficult to show, that for (t,z;) € I x K;, one has
7_7?:Oiui(t, x;) = 7_72’+11i(t, x;), as u;(t, x;) > —oo. It is clear that, if we set @ = 0y +. . .+,
the function @ — ¢ has a maximum point over IR x RN at (£,2). One can then easily
ckeck that e satisfies P(f, 2,0, ), (where we have replaced 7712’;01, by P*T) is equivalent
to ¢ satisfies P(,2,w, ¢). Then translations put (,%) at the origin.

In the sequel, to simplify, we set P(0,0,w, p) = P(w, ).

2. Now we use Theorem 5.1. For every v > 0, we set A, = A+~I, where A = D?p(0,0).

Fori = 1...k, we define the following functions, for t € IR, z; € RN and x = (z4,. .., 1),
by

Dy
t

10
Vit m) = ui(t,x;) — ui(0,0) — Dyp(0,0) - z; — Ea_f(o’ 0)t
t 1 9%
_§D(2t,ml)g0<07 O) T T — %W((L 0)t2 - ’77527
wy(t,x) = viy(t,x)+ ...+ v, (t ). (5.34)
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By Taylor’s formula, it is obvious that the function (¢,z) — w,(t,z) — 2(A,2) - = has a
strict local maximum at (0,0) over IR x IRY and identical arguments as those used in (i),
allow us to consider that it is a strict global one. We then need the following technical

lemma, the proof of which is postponed at the end of this section.

Lemma 5.3

. . 5
(1) If € satisfies P(w, @), then, for v small enough, €, = T

(i1) For everyi=1...k and v > 0, the following equality holds
19y
k ot

satisfies P(w,, A,).

2

P 0,(0,0) = P2 u;(0,0) — ( (0,0),Dzi¢(o,0),o) . (5.35)
We first admit this lemma and continue the proof of Proposition 5.1. Suppose that

satisfies P(w, ¢). Theorem 5.1 and Lemma 5.3 give the existence, for v > 0 small enough,
of (a1,...,a5~) € R (X1,,...,Xk) € S(N1) x ... X S(Ny), such that

(aiqy 0, X;,) € P>, ,(0,0), forevery i=1...k, (5.36)
1 X1, ... 0

— (6— + HA7||> I< S <A, +e, AL (5.37)
! 0 ... Xp,

a1y + ...+ ag, =0. (5.38)

We first prove that, for every i = 1...k, the sequences (a;,),, (X;), are bounded.
Indeed, (5.37) and the fact that for v small enough, &,[|A,|| < 1 and ;' + [|A,|] <
e~ +||A|| show that, for every i = 1...k and 7 small enough, we have

1 Xinll < et Al < et + 1Al (5.39)
By (5.35), we have, for every i = 1...k, v > 0,
10 _
(CLiﬁ + E a—f(o, 0), D%(p((), 0), Xi,'y) € 772’+ui(0, 0) (540)

(5.39) and (5.40) show that a;, < C., for every i = 1...k, for 7 small enough. Combining
it with (5.38), it is clear that for every ¢ = 1...k, the sequence (a;,), is bounded. By
extracting if necessary subsequences, there exists (b;)1<i<r € R¥, (Xi)1<i<k € S(IN7) x
... X 8(Ny), such that, for every 1 <i <k, as v — 0,

Qi — bi; Xi,'y - Xz (541)

By (5.37), we get (5.20), by letting v tend to zero. Then the estimates on the X; coming
from the matrix inequality, (5.40) and (5.41) show that, for every i = 1...k,

1 p—
(bz + E %(07 0)7 szgp([)? 0)7 XZ) € P27+Ui(0, 0)

10
And, if we set, for every i = 1...k, a; = b; + % 8—;0(0,0), we get, by (5.38), (5.33), by
letting v tend to zero. This ends the proof of the first step.
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Second Step. Assume now that ¢ € C7 and satisfies (5.17). Let (py)n>1 a real mollifier.
For n > 1, we define the functions ¢, € C? and 9,, € C, for (t,z) € R x IR, by

et x) = (p(, @)+ pu) (1) and  On(t, x) = (I(, ) * pn)(L),

By restricting if necessary I and J, we can assume that (5.17) holds with ¢,,?,. For
n, we consider the function ®,, € C? defined for (t,z) € I x O, by

D, (t,x) = n(t,x) + (t — 1) + |z — 2|

It is not difficult to show that the function w — ®,, achieves its maximum over I x O at
a point (t,, z,), with as n — 400,

(tn, ) — (£,2), ui(tn,xn) — ui(t,2), Vi=1...k,

Pn = D®y(tn, 2n) — p = De(t, 2),

A, = D*®,(t,,7,) — A= D*o(t,2). (5.42)
Let ¢ satisfying P(f,2,w,¢). For n € IN, we set g, = 2e(2 + ||A]| — [|4.|])7". It it
not difficult to prove, using (5.42) that for n large enough, ¢, satisfies P(t,,z,,w,®,).
Therefore, we are in position to use the first step, and we know that, for every n large
enough, there exists (af,...,a}) € RF, (X7,..., X7) € S(N;) x ... x §(Ny,) such that

(al, Dy, @y, (tn, ), X[') € 75]2;+Oiui(tn,xn), for every i1=1...k, (5.43)
Xr o0

1
—(—+||An||>[d§ Lo | S A+ elAl (5.44)
En
0 ... Xp
oD,
al +...+ap = W(tn,xn). (5.45)

Similarly as in the first step, we prove that for every ¢ = 1...k, the sequences (a?),,
(X), are bounded. Therefore, by extracting if necessary subsequences, there exists
(ar,...,a;) € RE (Xq,...,X}) € S(N1) x ... x S(Ny), such that, as n — +o0, for every
i=1...k,

a;l — a;, X' — X;.

Then the estimates on the X; coming from the matrix inequality, (5.42), (5.43), (5.44)
and finally (5.45), show that (a;)1<;<k, (X;)1<i<k satisfy (5.19), (5.20) and (5.21). To end
the proof of this proposition, it is enough to prove Lemmas 5.3.

Proof of Lemma 5.3 : For (i) : as €7HA7||7:>05HA|], it is clear that, for v small enough,

e,||A,|] < 1. It is easy to show, that for every i = 1...k, for (t,2;) € R x IR":, one has

7)2’+’Ui,fy(t, .1'1) = P2’+Ui (t, ili'l)
10y 2

- (——(0,0) Loyl 0¥

1 t
5 ot w572 (0,0) + 5Dty 9(0,0) - i, Dap(0,0) + —D%t,xi)go(o,()),o) .

2
(5.46)
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Fori=1... k, let (ai,pi, Xl) S P2’+Ui7fy(t7;, in), with

2
[t + |ws] 4 [pi] + |viq (i, 23)| <7 (1 XG]] < = + (144
Y

2 2

By the choose of €, one has, — + ||A,|| < — +|A4]|, for every v > 0. Then, using also
Exy €

(5.46), it is not difficult to show, that taking r small enough, we get, for every i = 1.. .k,

2
(bzaq“ z) ,P2+ (ti;xi)a HXZH < g + HAH7

1 Oy t 0%
ot O)+k o

where b, = a;+ — —(0,0) + 29t + D( 2#(0,0) - z;,

As ¢ satisfies P(w, @), we have, for every i = 1...k, b; < C., which shows that a; < C.,

5
02 O (O 0)], |D 1#(0,0)[ and on k. This ends the

with C. depends on C.,~, |- BT 0,0), | = o2

proof of ).

(i) is a direct consequence of (5.46), noticing that, by the definition of v; , w; (¢, z,,) —
4;(0,0), as n — 400, if (tn, Tn, Viy(tn, 5)) — (0,0,v;,(0,0)), as n — +o0.

Now, we provide the Proof of Theorem 5.1: let ¢ > 0 satisfying P(w, A).
1. For every v > 0, z = (z1,...,75) € RM x ... x RM and (ti,...,t) € IRF, we define
the following function, by

k

1 1 ,
folts, ot @) = ui (b, o1) + oo w(te, ) — 51437 T 22:1: [t — tinal”,

(where we have set t5,1 = t1). It is not very difficult to show that f, has a local maximum
at some point (£”,2") over IR* x RN, which satisfies, for every i = 1...k, as v — 0,

|€zy - H—l‘Q

— 0, w(&,x)— 0. (5.47)
v

1%

(€, 2") — (0,0),
For every i = 1...k, (t,7;) € IR x IRYi, we set
1% 1% t 1% 124 1%
vi(t, zi) = wi(t + & v+ xf) —wi(&, x)) — (Ax¥); - x — 5(251 =& — &)

where we have set £ = ¢;/. Easy computations show that

k
1 1
vi(ts, @)+ vl ) — AT 2 — D |t = tial* <0, (5.48)
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for (t1,...,t) € IR¥ and z € RY, small _enough. Using standard arguments, we can
suppose that (5.48) holds in whole IR* x IRYN. In the sequel, for £ = (&;,...,&) € IR* and
= (1,...,75) € R™M x ... x RN we set

w(€,x) =vi(&r, 1) + -+ 0k, T1)-
2. We introduce sup convolutions procedures. The Cauchy-Schwarz inequality yields

1 —
Az -z < (A+eA%)z -2+ (g + ||A||) |z — z|* for every z,z¢€ RV, (5.49)

and, for every (t1,...,t), (s1,...,5%) € IR¥,

k k k
Dot —tia? 6> Jti—si> +3> s — sl (5.50)
=1 =1 =1

1 —
Setting A = B + ||A]l, then using (5.48), (5.49) and (5.50), we get, for every x,z € RN
and (ty,...,t),& € IR¥

A 3 A 3
(m(thl&) - §|$1 —z)* - 2—151 — t1|2) +...+ (Uk(tk,l‘k) - §|$k — i ? — 5|5k — tk|2>

(A+eA?)z z+—2|@ Gl (5.51)

l\DI»—

For every (£,2) € IR¥ x RN, we set

i6os) = S (ultm) = Gle— s - S~ )
06 = sw (alen)-Gl-sP-ple-¢P), G
&eRF xc RN
so that,
g(&, 2) =01(&,21) + -+ Uk(&ks 21)- (5.53)

Inequality (5.51) implies that
5 *
2 2
9(&,2) < (A+ceA )Z'Z+@izl|§i—fi+1| : (5.54)

for every (£, z) € IRFx IR™. This shows in particular that ¢(0,0) = v,
0. On another hand, by definition, for every ¢ = 1...k, we have v;
Therefore, we have proved that ¢;(0,0) = 0, for every i = 1...k.

3. We now recall Alexandrov’s Theorem and Jensen’s Lemma.

(0,0)+...47,(0,0) <
(0,0) > v;(0,0) =0
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Theorem 5.2 Let ¢ : IR" — IR be semiconvex. Then ¢ is twice differentiable almost
every where on IR™.

Lemma 5.4 Let ¢ : IR™ — IR be semiconvex and & be a strict maximum point of p. For
p € R", we set p,(x) = p(x) +p-x. Then, forr,d >0,

K ={x € B(2,r) : there exists p € Bs(0) for which ¢, has a local mazimum at x}
has a positive measure.

For the proof of these Theorem and Lemma, we refer to [9].
For every ¢ = 1...k, the functions g and v; are semiconvex. Indeed, the supremum

3
of convex functions is convex and clearly, the functions (&, z) — g(&, z) + §|z|2 + 2—|§ |2
v

A 3
and (¢, x;) — 0;(t, z;) + §|x1]2 + 2—752 are convex.
v

Inequality (5.54) shows that the following function defined for ¢ € IRF and z € RY, by

1 1 <&
W, 2) =g 2) — §(A+€A2)Z R o1& = &l — 21t = ¢
=1

has a strict global maximum at (0,0) and by the semiconvexity of g, ¥ is clearly semi-
convex. Therefore Theorem 5.2 and Lemma 5.4 show that, for every o > 0, there exists
(Pas Za) € (IRN)?, (qu, £a) € (IRF), with |pal, [2al, |9al, |€a] < @ and such that the following
function

(S,Z) |—>‘11(€7Z>+pa~z—|—qa-§7

has a maximum at (£, 2,) over IRF x IRY, with ¥ twice differentiable at (&, 24 ).

This implies in one hand that g(&a,2a) = 01(&1,0s21a) + -« + U6(&has 2ha) > Ola).
Now, for every 1...4...k, using the upper semicontinuity of the fucntion ¥;,, we have
lim sup 0;(&.0s 2ia) < 0;(0,0) = 0. This shows finally, that for every 1 <1i < k, we have,

a—0

@i(é.i,aa ZZ'@) — 0, as a — 0. (555)

In a second hand, that shows that ¢ is twice differentiable at (&, z,) and therefore, for
every i = 1...k, ¥; is twice differentiable at (&; 4, 2;4). Then, using the properties of
maximum, we show easily that

|D§g<€aa 204)' + ‘ng(gom Za)| = O(Oé)7 (556)
D2g(€s, 20) < A+ A+ 0(a?). (5.57)
0v;

For every a > 0,¢=1...k, we set a;, = E(&’m Zia)s Dia = D20i(&ias 2ia) and X, =
D2 (&, %ia)- Then, (5.53) and (5.56), show that, for every i = 1...k and «, we have

(@i Piar Xia) € P27 0i(Eivar Zia), (5.58)
|@i o] + |Pial = O(a), (5.59)
Xia ... O
—\d < Lo < A+eA?+0(a?), (5.60)
0 ... Xpa
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the left equality in (5.60) coming from the semiconvexity of g.
Next we use the following result which proof is easy and left to the reader.

Lemma 5.5 Let 0 < ¢ satisfying P(t, &, w, ) and r., C., such that (5.18) holds. Suppose
that, for every 1 <i <k,

_27+
(aiapi7Xi) S P[X(Qiui<ti7$i)7
with [t — ] 4 |v; — &5] + |us(t, 2:) — wi(E, )| + |pi — Do, p(£,2)] < %,
1
and X)) < 2 +]]A]] (5.61)
Then a; < C..

Inequality (5.55), (5.59), (5.60 and Lemma 5.5, show that, by extracting if necessary
subsequences and letting « tend to zero, there exists (Xi,...,Xg) € S(NV1) x ... S(Ng),
such that

(0,0,X;) € fQ’Jrﬁi(O, 0), foreveryi=1...k
Xy ... 0
and “NMd< | .. | < A4eA (5.62)
0 ... X

4. Lemma 5.6, which is provided and proved below shows that, for every ¢ = 1...k,
0,0,X;) € 7_72’+vi((), 0). In fact, as v; depends on v, the matrices X; depend on v. This
is the reason why, in the sequel, we will denote them by X;,. By the definition of v;, we
show easily that, for every ¢+ = 1...k, we have

(@i Dins Xin) € P wi(in i) (5.63)
1
(2€i,zx - £i+1,u - fifl,u) and DPip = (Axu)z

where i,y = %
v

As a consequence of the matrix inequality, we have, for every v, || X; || < = + ||A||. Then,
5

as ¢ satifies P(w, A), (5.47), (5.63) and Remark 5.5, show that, for v small enough,
a;, < Cg, foreveryi =1...k. Onanother hand, it is easy to verify that a; ,+. . .+ax, =0,
which implies, with the preceding inequality that, for every i = 1...k, the sequence (a;,),
is bounded.

Therefore, by extracting subsequences if necessary, using the estimates on the X,
and (5.47), we obtain Theorem 5.1.
It remains to state and prove Lemma 5.6.

Lemma 5.6 Let p € IN,p > 1, and v defined in IR x IRP. For (t,x) € IR x IRP, we set

oft,) = Sup  (v(s,y) = Mz —y* = Aos —t[).
(s,y)eRxIRP
[f (a>p7X) € P27+@(807y0); with (p7 yO) € IRP x ]Rp; ((I, 30) € B27 X € S(p)7 then
1 1
<a7p7 X) S P2’+U(SO + 2_)\2 a, Yo + 2_)\1 p)7 (564)
1 p* @’

A 1
0(s0,%0) = v(so + =— a, Yo + =— D) (5.65)

2o 21 A AN
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Therefore if (0,0, X) € P> 5(0,0), then (0,0, X) € P~ 0(0,0).

Proof of Lemma 5.6: Let (to,z0) € IR x IRP such that

0(s0,¥0) = v(to, 930) — M|z — y0]2 — Xofsp — 750|2-

For every (z,y) € IR? and (s,t) € IR* , the following inequalities hold
v(t,2) = Mfz = yl* = Roft — s|* < 0(s,y)

N 1
= 0(S0,%0) + a(s —so) +p - (¥ — o) + QX(y —40) - (y — o) + ol|s — so| + |y — wol*)
= v(to, 7o) — Ai|mo — vol* — Aalso — to|* + a(s — so) +p - (v — vo)

+%X(y—yo)- (v — y0) + o(|s — sol + [y — wol?)- (5.66)

First, taking y = o + yo — 7o and s = t + s¢ — tg, we show that (a,p, X) € P> v(tg, x).
Then taking xr = xg and t = ¢y, we get

0 < Ai(lzo = yl* = |wo — 9ol?) + Aa((to — 5)* = (to — 50)*) + a(s — s0)
1
+p-(y—yo) + §X(y —40) - (¥ — o) + o(|s = so| + [y — vol*). (5.67)
Then choosing, for 5 € IR, y = yo + 3(2A1(yo — o) + p) and s = sq, we obtain

0 < BI2X1(yo — o) + p|> + O(B?).

1
Taking 5 > 0 (then 5 < 0) and letting it tend to zero, we get x¢ = yo + K
Now, setting y = yo and s = so + 3, with § € IR, we get

0 < G (a+2X\(so— o))+ o(f).

1
And we obtain that {5 = s + — a.
29
Therefore, we have shown (5.64) or (5.65). Let (0,0, X) € 7_32’+'8(O, 0), there exists
(s Dry Xn) — (0,0, X)), (tn,x,) — (0,0) and  0(t,,z,) — 0(0,0),

such that for every n € IN, (a,, pn, X)) € P>T0(t,, x,). By (5.64) and (5.65), we have

for every n € IN, (apn, pn, X,) € P*Ho(t, + —— dn , T + Dn —) and
2)9 2\
Oty + —=, T, + p_") = 0(tp, Tp) + —— ’Pn’Z + i To conclude, we only have to prove that
2)\ 2\ 4\ 4/\2
v(ty, + —— 2)\ n+ Qan) — v(0,0), as n — 4o00. By the definition, ©(0,0) > v(0,0), then
1
using the upper semicontinuity of v, we get
0,0) > i tn Tn > lim inf s Tn
(0,0) 2 lim sup oty + 5, 20 + 530) 2 im fnf v(tn + 7570 + 3)
pnl* | an
> lim inf 0(t,, z,) + + —==12(0,0) > v(0,0).

n—+00 4\ 4)\2
This ends the proof of Lemma 5.6.
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6 The test-function

The following lemma is an adaptation of Lemma 5.1 proved by G. Barles in [3]. The diffi-
culty to construct a suitable test-function, in our case, comes from the weak dependence
of L in time; more precisely, the main difference is that L is not assumed to be locally
Lipschitz continuous in t. In the sequel, u € USC(Qr), v € LSC(Qr) and u and v are
bounded over Q7. Let R > 0 such that |ul,[v] < R in Qp. We assume that € satisfies
(HT).

Lemma 6.1
(1) If L satisfies conditions (H4), (H5) and (H6) and if

M = I%E;X (u(t,z) —v(t,z)) >0,

then, there exists K > 1, 0 < i < 1, such that if0<v<vand0 < e < v small enough
compared to v, there exists 1, . € C2, with, for everyt € R, z,y € 1,

_ a2 5 _ 2
20 < ity < RS

~Kve+ K + Kve. (6.1)

g2 g2

Moreover, for everyt € IR, x,y € Q such that |x — y| < ve, one has

~ ~ _1|T =Y
—Kﬂ‘i‘K 1! < ’way’g(t,l',y)‘ /\‘Dywy,s(tax7y)‘ (62)

)
Sle—yl -
|Dx7,/1,,,£(t,x,y)| \ \Dy%,a(t,%yﬂ S K€—2 + Kﬂv (63)
with 6 =1, and
2
~ =y ~
|Dm¢u,s(t7xay) + Dy%,a(t,%yﬂ < K| -2 | + Kve, (64)
K ) K ( Id -Id y
—gldSDwyyg(t,x,y) < 5—2( I1d Id )—i—KVId. (6.5)

There exists h € L} (IR), such that, for every z,y € Q, with |x — y| < 2ve, one has

loc
W > —vh, in D(0,27). (6.6)

The constants K, depends on T, R, C, Vg, l|hr||Li0) and on diam(SY), where we set

diam(Q) = sup |z —y| and h is equal to hg + 1 on (0,T) and to 1 otherwise.
(z,y)€N?

Finally, there exists § > 0, such that if t € [0,T), z,y € Q, with |x —y| < ve(< §) are
such that u(t,x) —v(t,y) > M — 6, then we have

L(t,z,u(t,z), Dyihy - (t,z,y)) >0, if €09, (6.7)
L(t,y,v(t,y), =Dy, (t, z,y)) <0, if y e on. (6.8)
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(ii) If L satisfies (H4-2),(H5-2) and (H6-2), then there exists a constant K > 1,
0 < v <1, such that, if 0 < v < U and 0 < ¢ < v, small enough compared to v,
there exists ¥,. € C? satisfying conditions (6.1) to (6.7), with 3 = ve, and h is the
function equal to h + 1 in (0,T) and to 1 otherwise. The constants K.v depends on
T,R,C,v,||h||Lr0r) and on diam(S2).

Finally, for everyt € [0,T), for every z,y € Q, with |x —y| < ve, one has

L(t,z, Dy, (t,z,y)) > 0, if x e 09, (6.9)
L(t,y, =Dy, (t,z,y)) <0, if ye . (6.10)

Proof of Lemma 6.1 : We are going to prove i), the proof of (ii) being similar and even
simpler. We are only pointing out the differences between the proof of Lemma 6.1 and
Lemma 5.1 in [3]; we refer to the paper of [3] for additional details.

We consider M and R defined as above. Using the regularity of €2, there exists d €

W32 (IRN) be a function, which agrees with the sign-distance to 92 in a neighborhood of
09, with d > 0 in Q, which satisfies |Dd(x)| < 1 in IR" and Dd has a compact support.
We will denote below n(x) = —Dd(x) even if x ¢ 0. As G. Barles remarks, we can
suppose that n € C?, indeed it is enough to use regularization arguments, noticing that
only the L® norm of D?n is playing a role in the proof.
0. The same way as in Lemma 5.1 of [3], we extend the function L to IR x W x [—R, R] x
RN, where W is a neighborhood of 99, in order that properties (H4), (H5) and (H6)
are still available. We can show quite easily that there exists a function C' : IR x RY x
R x RN — IR, such that

L(t,z,u,p+ C(t,z,u,p)n(z)) =0,
for every t € IR,z € W, |u| < R and p € IRY, and which satisfies moreover,
|O(t,l’,u,0)| S 017 (611)

|C(t, z,u,p) — C(t,y,v,q9)] < Cg((1+|p|+|QI)Iw—y|+|u—v|+lp—QI),(6-12)
Cltaup) = Clsaup) < Co (1 pl) [ hw)du, (6.13)
t

for every t,s,u,v € IR, with t < s, z,y,p,q € RN and h is equal to hg in (0,T) and to
zero otherwise. In the sequel, we say that a constant C' depends on the data if it depends
on R,Cr,vg,||hg||11 0 and on diam(€2). The constants Cy,Cy and C3 depend on the
data.

1. Regularization of the function C in the variables (z,u,p) € RY x IR x IRN.

For a > 0, we define the functions C,, for every (t,z,u,p) € IR x RN x IR x RN, by

'y . u—w p—q ry
Gt = [[ [ ctvan (@0 ) a0 (P50 gavdudod

where p € D(IRY), p > 0, supp(p) C B(0,1), with [y p(y)dy = 1 and where p satisfies
the same properties as p except for N = 1. Finally

N

A=(a®+p-n(x)?)? and T =(1+pP):z.
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The estimations on the function C, its first and second derivates with respect to the
variables (x,u, p), given in [3], are still available, for every (¢, z,u,p) € IRx RN x IR x RN,
with K is a constant depending on the data. In particular, we have, for every (¢, z,u,p) €
R x RN x R x RN and a > 0,

| D Co(t, z,u,p)| < K. (6.14)

2. The dependence of L in u.

Using Lemma 5.2 in [3] and looking carefully at its proof, we show that there exists a C'*
function ¢ : IRN*! — IR and a constant § > 0, such that, if £ € [0,T], 2,y € Q are such
that u(t,z) —v(t,y) > M — 0 and |xr — y| < 4, then

T+y

u(t,x) = &6, 54 2 0 and e, LY

) —w(t,y) > 0.

Moreover, we can choose &, such that |£| < R+ 1, in IR x IRY.

3. The test function.

For 0 < € < v, we introduce the function ¢, . € C? defined for (¢,z,y) € IR x RY x RV,
by

ueltiany) =exp (~alato) + a)]) T2 - 0 (1 e (1252 ) () )
A(d(r) — d(y))?

= — Kove(d(z) +d(y)),
where p = exp <—l~(1[d(x) + d(y)]) @

By choosing the constant A, Ky, K, as in [3], we get (6.1) to (6.5), (6.7) and (6.8).
4. An estimate on the derivate in the sense of distribution of the test function in t.
By the definition of C,., we show easily that C,. satisfies (6.13) with 2C3 instead of Cj.

. = = . +
Then, for every ¢,s € [0,27], with ¢t < s and z,y € ) x €, setting z = %, we have

|¢V,e(t7x7 y) - ¢V,6(87 Jf,y)| = |d(.’[‘) - d(y)| (wa (ta Zag(tv Z),p) - OI/E (Sa Z7§(37 Z),p) )7

< lo—al(20:0 ) [ B+ [5G by 61

IN

- (lz =yl LT "
C + |z —y (14 h), by the definition of p

e2

< 0(y2+a2>/t(1+ﬁ) gu/t(1+h), (6.15)

for v small enough then e small enough compared to v, the constant C' depends on the

data. To get (6.6), it is enough to use the following lemma, which proof, based on Lebesgue

and Fubini’s Theorems is left to the reader.

Lemma 6.2 Let a < b, f, g € L'(a,b), such that, for almost every a < s < t < b,
0

lf(s) = f(t)] < fstg(r)dr. Then, we have, —g < 8_{ <g in D'(a,b).
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7 Proof of the Lemmas and Propositions given in
Sections 2,3,4

7.1 Proofs of Lemmas and Propositions given in the second sec-
tion

In the sequel, we will only consider the case of subsolutions, the supersolutions one being
treated similarly.
Proof of Proposition 2.3: We only prove it in the case when F' satisfies (ii) and L is
homogeneous of degree 1 in p, the case when F' € C(I'r) being simpler

At first, let us show that a L' subsolution is a classical one. To this end, consider
(to,z0) € Qp, ¢ € C*, such that u — ¢ has a local maximum over Qp. If F, is the
lower semicontinuous envelope of F', by classical arguments, there exists a sequences
(Fn)new € C(I'r) such that F,, < F, in I'y, for every n and

Fn(t0,§0> — F*(t(],go), as n — +oo.

Therefore, using Definition 2.1, with b = 0 and G = F,,, we get the result by letting n
tend to infinity.

Conversely, assume that u is a classical subsolution and show that it is a L' one. Let
(to, z0) € Qr, b€ L'(0,T), ¢ € C>, G € C(T'r), such that the function

(t,x) — u(t, x) —I—/O b(s)ds — ¢(t, ),

has a strict maximum point at (to, xg) over @, and such that (2.1) holds.

Recalling the notations of Definition 2.1, namely py = Do(tg, zo) and X, = D?p(tg, 1),
we have the following technical lemma, largely inspired of Proposition 2.2 in G. Barles
and Ch. Georgelin [4], which is proved at the end of the present proof.

Lemma 7.1 If L is homogeneous of degree 1 in p, we can assume in Definition 2.1 that
either pg # 0 or pg = 0 and Xy = 0.

By Lemma 7.1, we can assume either that py # 0 or that py = 0 and Xy = 0. And as
F satisfies (ii), it implies in particular, that ¢t — F.(¢,&,) € C([0,T]).
Inequality (2.1) implies the following inequality, for almost every ¢ close enough to t

and using the above remark, we know that & € C([0,7]). Then, we still denote by k and
b their extensions to IR, which are equal to £(0) in | — 00, 0] and to k(7') in [0, +o0o[. Let
(Pn)n>1 areal mollifier. For every n > 1, we set b, = b*p,, and k, = k*p,, which are contin-

t
uous on IR. It is not difficult to show that the function 4, : (¢, ) — (t,x) — / b, (s)ds
0

achieves its maximum over Qy, at (t,,x,), with as n — +o0,
(tn, xn) — (to,x0), u(tn,x,) — u(to,xo). (7.2)
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Using that wu is a classical subsolution of (1.1)-(1.2) in Q, we have

O
a_wt(tm xn) + F*(tn7€n) S 0 if Tn € Q>
(O :
i W(tnaxn) +F*(tn,§n),L(tn,an,u(tn,iﬂn),DQO(tn,-Tn)) S O 1f Tn = aQ’

with &, = (2, u(tn, ,), Dp(tn, ), D*0(t,, x,)). But, by (7.1), we have, for every n > 1,

Iy, d¢
_tn7 n Z_tna n _kntn
0t 20) 2 O (b, 22) = i)
Using (7.2) and the fact that k,(t,) — k(to) = Fi(to, &) — G(to, &), we get the wanting
result by letting n to infinity. This ends the proof of Proposition 2.3.
We now give the proof of Lemma 7.1: Let (ty, z0) € Qp, b€ L'(0,T), ¢ € C®(Qr)
t

and G € C(I'r), such that (¢,z) — u(t, ) +/ b(s)ds — p(t, x), has a strict maximum at
0
(to, xg) over Qy,, and such that (2.1) holds. Assume that py = 0. As L is homogeneous

of degree 1, (2.3) is satisfied if zy € 0f). Therefore, in the sequel, we can assume that
xo € Q. For € > 0, we define the following function, by

|z —y|*

Ve(t, z,y) = u(t, ) —i—/o b(s)ds — —o(t,y), Y(t,z,y) € (0,T] x Qx Q.

¢ _
It is not difficult to show that it achieves its maximum over [50, T x QxQ, at (t.,x-,y.),
with (te,xe,ye) — (to,To, o), u(te,zc) — ulty,zo), as &—0. (7.3)
Thus p. = Dp(t.,y.) — po=0 and X.= D%*p(t.,y.) — Xo. (7.4)

As xy € Q, for e small enough, x.,y. € Q. Therefore, the function y — ¥.(t., z.,y) € C
and has a local minimum at y. over IRY, for € small enough, thus
4’335 - ys’2

Az — — e|? - -
b = (Te — ye)|ze yJ) x> 7q— g\ = Ye) ® (e — ¥e)

9 9 9

. (7.5)

Now, we consider two cases, whereas there is an infinity of ¢ such that z. = y. or not.
(i) Assume that there exists an infinity of ¢ such that x. = y.. To simplify, we can
assume that it is true for every e. This implies in particular, by (7.5), that p. = 0 and
X. > 0, for every e. This shows, by (7.4), that X, > 0. In the sequel, we set for
(t,&) = (t,z,r,p, X) € T%, Go(t,&) = G(t,z,r,p, X + Xo) € C(I'7). By (2.1), as F is
degenerate elliptic, we have

b(t) + Go(t,€) < F(£.). (7.6)

for almost every t ~ t, and for every £ ~ (zo,u(ty,xo),0,0) and therefore, by (7.3), for
almost every ¢ ~ t. and for every £ ~ (z.,u(t., x.),0,0). Now, the function
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t Y
(t,x) — u(t,x) + / b(s)ds — e(t, z), where . (t,x) = lr =y + ¢(t, y.) achieves its max-
€

0
imum over @y, at (t.,z.). And as x. = y., for every e, then Di.(t.,z.) = 0 and
D*)(t.,z.) = 0. Therefore, by (7.6), as x. € Q for € small enough, we get
e

W(t&xa) + GO(tsax&u(t&?xé)a 0)0) S 0.

The result follows using the definition of G, (7.3), (7.4) by letting ¢ tend to zero.

(ii) Assume now that there exists an infinity of €, such that xz. # y. and to simplify, we
suppose that it is true, for every . By (7.5), we have in particular p. # 0, for every &.
The following function, defined for (¢, z) € Qp, by

795—:(t7xa L= (xs - ys)) = u(t,x) +/0 b<3)d3 - §0€(t7x>7 where (,05<t7$) = gp(t, L= (ms - ys))7

has a local maximum at (¢.,z.) over Q. And we have clearly,

0. 9,
Do(teras) =ps DPpultew) = Xy E(tea) = So(teys). (17)

By (7.3) and (7.4), (2.1) holds for almost every t ~ t. and for every £ ~ &, = (z., u(t., ), p-, Xc).
As p. # 0, using (7.7) and as z. € €, for € small enough, we have the following inequality

i
o7 (ter ) + Glt,6) <0

And the result follows, using (7.3) and (7.4) and letting ¢ tend to zero.

Proof of Proposition 2.4: Let u a subsolution of (1.1)-(1.2) in Q7 and 0 < h < T,
we are going to prove that u is a subsolution of (1.1)-(1.2) in €2,. The only difficulty is
when the maximum point is achieved at time h. Therefore, let b € LY0,h), ¢ € C™,
zo € ), G € C(I'}), such that the function ¥ : (t,x) — u(t,z) + fot b(r)dr — o(t, z) has
h —
a strict maximum point at (h,zq) over [5, h] x €, and such that (2.1) holds for almost
every 0 <t < h, t ~ h and for every £ ~ &. We define G, € C(I'y), for every £ € T', by
Gr(t,&) = G(t, &) if 0 <t < hand Gp(t,&) = G(h,§) if h <t < T and we denote by K,
the following compact subset of I'
KO - {(fL’,’f’,p,X) S F? |7’| < |u(h,x0)\ + ]-7 |p| < ‘po‘ + ]-7 ||X|| < ||X0|| + 1}
We set, for almost every t € (0,7), a(t) = sup |F(t,£) — Gu(t,&)| and we define ¢ €
¢eK;

LY0,T), as follows c(t) = b(t) if 0 <t < h and ¢(t) = —a(t) if h <t < T. For e > 0, we
consider the following function defined, for (¢,x) € Q. by

(h—1)
g2

U (t,x) = u(t,z) + /0 c(s)ds — o(t,x) —

h T+h

It achieves its maximum over [57

| x Q at a point (t.,z.), with as ¢ — 0,

(tg,xs,u(t8,$5)> — (h, xo,u(h,x0)>. (7.8)
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T+ h
and such that h<t.< %, for ¢ small enough. (7.9)

The right-hand of this last inequality is a direct consequence of (7.8), as h < T'. Let us
show the left-hand. Assume that t. < h, then we get,

(h —t.)?

U(te, x.) — =

— U (t.,2.) > U.(h,20) = U(h, z0). (7.10)

h
Now, by (7.8), t. > oL for e small enough, and therefore (7.10) contradicts the fact that

h —
U has a strict maximum point at (h, zg) over [5, h] x €.

By (2.1), the definitions of G}, a and ¢ and (7.8), we clearly have, for £ small enough,
c(t) + Gu(t, §) < F(t,€), (7.11)

for almost every t ~ t. and for every £ ~ & = (x., u(te, x2), pe, Xc), where p. = Dp(t., z.)
and X, = D?*p(t.,x.). As u is a subsolution of (1.1)-(1.2) in Q7, the following holds

2(te — h)

9 _
a, = _('O(tg,azs) + =

. .
ot + Gp(te, &) < 0 if 2. €Q,

min(as,L(ts,xe,u(ts,xg),ps)) < 0 if =z €00.

The result follows, using (7.8), (7.9), the definition of G} and letting € tend to zero.

7.2 Proofs of Lemmas 3.1 and 4.1

We do it at the same time for Lemma 3.1 and Lemma 4.1. We first show that F' is
degenerate elliptic.
Let X, Y € S(N), withY > X, ¢t € (0,T) and (x,r,p) € ¥ (resp. ¥*). First, we have,

for every A > 0,
X 0 1 Id —Id 2
( 0 —Y) Sﬁ(—ld 1d )+/\||Y|| Id. (7.12)

Using (7.12), with A = &2 (resp. A\ = ¢), (X,Y) satisfies (3.2), (resp. (4.2)), for every
e>0and v =v. =2(||Y||?+1) (resp. v =v. = (||Y||* +1)). Therefore, for & small
enough, we are in position to use condition (H2) (resp. (H2-2)) on F' and we get,

F(t,z,r,p,Y)— F(t,x,r,p, X) < mg(t,ve), (7.13)

where R = |r|+1. As mg € M, mpg(t, v.) = 0 in L*(0,T), and therefore by extracting a
e—
subsequence if necessary, mg(t, v) - 0, for almost every ¢t € (0,7). This shows that F

is degenerate elliptic.
Now we prove (3.9)-(3.10). Let K be a compact subset of I' (resp. I'*) and R > 0

such that K C Bg(0). (resp. with moreover o > 0, such that |[p| > «, whenever

40



5 = ($7T7p7X) € K) Let ¢ € (O7T)7 51 = (xbrlaplaXl) and f? - (1'2a7“27p27X2) € K7
with |§ — &] < r. We have

[F(t,&) — F(t,&)] < A(l) + A1),
where Al(t) = |F<t7§1) - F(tvxlar2ap17X1)|7
and Az(t) = |F<t,$1,T2,p1,X1) —F(t,fg)‘ (714)

By (H3) (resp. (H3-2)), then A;(t) < g(t,r), with g € M, g = ggr (resp. g = g%).
To give an estimate of As, we are going to use condition (H2) (resp. (H2-2)) on F. At
first, it is not very difficult to prove that for every (X,Y) € (S(N))? and X > 0, one has

X 0 d —1d 1 1 )
( 0 _Y)gA(_[d 1d >+<§HX—YH+XHX+Y||)M- (7.15)
Therefore, (X1, Xs) satisfies, for every A > 0,
X 0 Id —Id r  2R?
(5 0 Yo (5 )

This implies that, for r small enough, (X1, X2), (p1,p2), (z1,x2) satisfy (3.2), (3.3) and
(3.4), with v = 2R3r3, ¢ = 271r3R~5 and A = 2 (resp. they satisfy (4.2), (4.3) and
(4.4), with v = (2Rr)"/?, e = r'/2(2R)™"/2 and \ = ve~2. Therefore, we obtain, by (3.1)
(resp. (4.1)), Aa(t) < mg(t, «,), where arTjOO. The result follows, using that g, mg € M.

Now we prove (3.8). Let K a compact subset of I' and 7 small enough fixed, such that
bt € LY(0,T). There exists m € IN, (&)1<i<m C K, such that K C UBT(&). Thus, for

=1

almost every ¢t € (0,7),

sup| F'(t, §)| < hi(t) + sup [F(t,&)]-
feK 1<i<m
This proves (3.8), by (3.9)-(3.10) and condition (HO) on F'
Finally we point out that the assertion on f in Lemma 4.1 is proved in the same way
as above.
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