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r
= − r

r3
= −er

r2

üPçlä~çlèNé,èTãTzòt9â*ãTä

∇ · E = ∇ ·
(

− q

4πε0r2
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)

= − q
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∇ ·
(
er

r2

)

=
q

4πε0
∇2

(
1

r

)



üPç8õ�ä,ãItÝ|,uK��|~ãT��ä~á���åæz�ç*t¡é,ù�á¡uK��äÝèTä ∇·E è2uKçT�R��ä±õ�}K��ãTwAäOè.åïãTçTä9�¡êNñTÿ,á@ä{èNäëá�u@"�}�ç
R
úK|~ä,çat�á@é,ä�÷P�þåï}�á¡z�ù�z�çNäKú

}�øGä~�@tXêT��uK|,é~ä¥��u�|vñ2uKá@ù�ä�ê
}�çT|~t¡ãTä,����ä¯ûOüPçdõK}�z�t�z�wAw$é~èTz�u¯t¡ä,wAä,çatAâ*ãTä/�þåï}�çGu ãNç êTá¡}��N��ÿ,wAäKú |,uKáÏ��u
öf}�çT|�t�z�}�ç

1/r
ç.åæä~�@t�ê2uK�ëèTé~á¡zòõKu �T��ä�÷8|,ä�ê
}�z�çatðìÓ��÷Iû&�±}�wAwAä,çat9èT}�çTçNä,á9ãTç �¡ä,çN��uKã à uKêT��uK|,z�ä,çnèTä

1/r
÷

�þåï}�á@z�ù�z�çTä���üPçlãNt¡z���z��¡ä��þåæuK�@t¡ãT|,ä��@ãTz�õ¯uKçat�ä�� C�� �
üPçl|~}�çT�¡z�èTÿ,á@ä���ußöf}�çT|�t�z�}�ç

fa(r) =
1√

r2 + a2
≡ 1√

r2 + a2

|~ö�û��TùTû C
	�}�ãTá
r 6= 0

�IíNä�|,ä�t¡t¡ä�öf}KçT|~t¡z�}�ç u8��u;êTá@}�êTá@z�é~t¡é%â*ãTä
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fa(r)
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lim
a→0

fa(r) =
1

r
w$uKz���ä,����äÏuNú�uKãT�¡�@zþú���u¥êTá@}�êTá@z�é~t¡énâ*ãTänêL}KãTá;ãTç1õ�ä~|~t¡ä,ãTá

a 6= 0
ú���u öf}�çT|~t¡z�}�ç

fa(r)
ä,�ðt$èNé,á¡zòõ¯u��T��ä�÷

�þåï}�á@z�ù�z�çTäKûNüPçXt¡á¡}�ãIõ�ä�ö]uK|,z���ä,wAä,çat
∇fa(r) = − r

[r2 + a2]3/2

ä~t

∇2fa(r) = − 3a2

[r2 + a2]5/2 
 C��
�±ä~t@t�ä�èNä,á¡çNz�ÿ,á@älöf}�çN|~t�z�}�ç.ú |~ö�û��2ùTû ;Uä~�@tÏz�çat�é,ùKá�u��T��älä�tÏ�@}�ç z�çat�é~ù�á�u¯��äX�¡ãTá$t�}�ãNt$�þåïä,�@ê2uK|~ä�êLä~ãNt���t�á@ä
|_u¯��|,ãN��é,ä%äîíIêT��z�|,z�t¡ä,wAä,çatëê2u¯á{èNä,�9w$é�t�ñT}DèTä~�{é~��é~w$ä~ç*t�uKz�á@ä,� 
 |~ö�û���çNçTä�íIä��

−3a2

∫ ∞

−∞

d3
r

1

[r2 + a2]5/2
= −3a2 × 4π

∫ ∞

0

r2dr

[r2 + a2]5/2
= −4π
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 C��ê
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û

sIãTá9ãTç èT}�w$uKz�çTäP�¡êNñTé,á@z�â*ãTä�èTä�á�u@"�}�ç
R
}�ç t¡á¡}�ãIõ�ä

∫ R

0

∇2fa(r)d
3
r = −4π

(
R√

R2 + a2

)3

üPçlçN}Kt�ä%â*ãTä�|,ä�t¡t�ä�äîíNêNá¡ä,�@�¡z�}�ç.ú)êL}KãTá
R > 0

úTê
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}�ãTá
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ú2÷³��u_õ�}Kz�á

lim
a→0
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= −4π
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R
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∇ · E

}�ø.ú2|~ä~t@t�ä%öf}�z���ìÓ|~zþú

E = −er
q

4πε0

1

r

(

µ +
1

r

)

e−µr

üPçl�¡uKz�tOâDãNä

−er

r2
= ∇

(
1

r

)

ä~t{â*ãTä

−er

r
= −r∇
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1

r
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	�u¯á{|~}�çT�@é,â*ãTä,çat,ú ∇ · E ä~�@t{|,}�çN�@t�zòt�ãTé�èTä~�9w$}�á@|,ä,uKãIíX�@ãTz�õ¯uKçat����

∇ · E =
q

4πε0
∇ ·
[

µe−µrr∇
(

1

r

)

+ e−µr∇
(

1

r

)]

à ul�ðt�á�uªt�é,ùKz�ä��@ä,á¡u¥èTä�wAä~t@t�á@ä�ä,ç�é~õDz�èTä~çT|,ä ∇2(1/r)
ä~t;è'åæãNt¡z���z��¡ä~á���ulêNá¡}�êTá@z�é�t�éAâDãNäÏ�þåï}�ç u w$z��¡äAä,ç

é~õDz�èTä,çT|~äUêNá¡é,|~é,èTä~w$wAä,çat,û{ü%ç �@}�ãT�ðìpä,çat�ä~çTè.ú{ä,çT|~}�á¡ä ãTçNä öf}Kz��,ú±��ä�á@ä,wAêT��uK|~ä,wAä,çatXèTä ∇2(1/r)
êTuKá

∇2(fa(r))
ä~t{�þåïé~t¡ãTèTä�èTä���u;��z�wAz�t�ä

a → 0
÷8��u �2ç èTã |_uK��|,ãT��û

üPç t¡á¡}�ãNõKäKú2z�w$wAé,èTz�u¯t�ä~w$ä~çat_ú

∇ ·E = − q

4πε0

(

∇
[
(µr + 1)e−µr

]
· ∇
(

1

r

)

+ (µr + 1)e−µr∇2

(
1

r

))

à åæz�çat�é,ùKá�uK��ä;�¡ãTá���ä;õK}���ãNw$ä8èTä³��uX�@êTñTÿ~á¡äAèTä³á�u@"�}�ç
R
ä�t�|,ä~ç*t¡á¡é~äÏ÷n�þåï}�á¡z�ù�z�çNäß|,}Kw$ê
}�á@t¡äKú.èN}�çT|AèTä,ãIí

t�ä~á¡wAä,�
∫

|r|≤R

∇·Ed3
r = − q

4πε0
lim
a→0

∫

|r|≤R

∇
[
(µr + 1)e−µr

]
·∇ (fa(r))−

q

4πε0
lim
a→0

∫

|r|≤R

(µr+1)e−µr∇2 (fa(r))

à ä�èTä,ãIíIz�ÿ,wAä�t¡ä,á@w$ä%èT}KçTçTäKú2z�w$wAé,èNz�u¯t¡ä,wAä,çat_ú

− q

4πε0
lim
a→0

∫

|r|≤R

(µr + 1)e−µr∇2 (fa(r)) =
q

ε0

à ä%êTá¡ä~w$z�ä,á±t¡ä,á@w$äPèNä,w$uKçTèTä%ãTçXê
ä,ãXêT��ãT�ëèTäPt�á¡u_õKu¯z��þû��Rç�"Ïá¡ä~w$êN��u�B,uKçatë�þåïä�íIêTá@ä,�¡�@z�}�çX|~}�çT|,á@ÿ~t¡ä�ê
}�ãTá
∇(fa(r))

}Kç }��Nt�z�ä,çat9�þåïä�íIêTá@ä,�¡�@z�}�ç �¡ãNz�õ¯uKçat�ä

qµ

ε0

∫ R

0

r3(1 − µr)e−µr

[r2 + a2]3/2
dr

�±ä~t@t�äOz�çat�é,ùKá�uK��äÝ�@ä,w!�T��äKúK÷�êTá¡ä~w$z�ÿ,á@ä�õDãTä¯úKt�á@ÿ,��|~}�w$êN��z�â*ãTé~äKû
	¥uKz�����åæ}�çßçTäOèT}�zòt�}Kã&�T��z�ä,á�â*ã.åæä~����ä±èTé~êLä~çTè
èTã êTuKá�uKwAÿ~t¡á¡äA��z �Tá¡ä

a
ä~tßâ*ãTäÏ|Kåïä,�ðt8�¡}Kç |,}�wAê
}�á@t¡ä,wAä,çatßèTuKçT�ß��u ��z�wAz�t¡ä

a → 0
â*ãTz�ä,�@t;êLä~á@t�z�çTä,çat,û	�ä~ãNt@ìp}�ç é~tvu �T��z�áO��u;á@ä,��uªt�z�}Kçn�¡ãTzòõKu¯ç*t¡ä��

lim
a→0

∫ R

0

r3(1 − µr)e−µr

[r2 + a2]3/2
dr =

∫ R

0

lim
a→0

r3(1 − µr)e−µr

[r2 + a2]3/2
dr



�±ä,|~z�á¡ä~õDz�ä,çat�÷³wA}�çat�á@ä,áëâ*ãTä���u;|~}�çaõ�ä,á@ù�ä,çN|,ä

lim
a→0

r3(1 − µr)e−µr

[r2 + a2]3/2
dr = (1 − µr)e−µr

ä,�ðt��
��� ��� ������û à ä,�OèNé~tvu¯z�����èTäP��ußèTé~w$}�çN�@t�á¡u¯t�z�}�ç��@}�çatëè2uKçN�O�þåæuKçTçTäîíIäKû �RçXuKèNw$ä�t¡tvu¯ç*t±|,ä�t¡t�ä�èTä,á@çTz�ÿ~á¡äKú
}�çnt�á@}�ãNõKä�ö]uK|~z���ä,wAä,çatëâ*ãTä�|,ä�t¡t�ä�z�çat¡é,ù�á¡uK��ä�õ¯uKãIt

q

ε0

µRe−µR

à u8�¡}�wAw$ä%èNä,�9èTä,ãDíXt�ä,á@w$ä~�9èT}�çTçTä
q

ε0
(1 + µR) e−µR

�Rç¥ö]uKzòt_ú)z���çTä�ö]uKãNt�ê2uK��}Kã&�T��z�ä,á{ãTç��@z�ù�çTä¯úLâ*ãTä��þåï}�ç�u$��uKz��¡�¡é�t�}Kw!�Lä~á�ä~ç�|,}KãTá¡��èTä;á¡}KãNt�ä��
��ä�á¡é~�¡ãT�òtvu¯t�2ç2u¯��ä%ä,�ðt_ú)uK��}�á¡�~ú
∫

|r|≤R

∇ · Ed3
r = − q

ε0

(1 + µR) e−µR =

∮

|r|=R

E · nd2
r
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AÓ�!ä,�ðt�z�çat�é,á@ä,�@��uKçat�èTä�çT}Kt�ä~á9âDãNä���åæ}Kç ê
ä,ãIt�é~|,á@z�á¡ä%��ä%á¡é~�¡ãT�òtvu¯t9èTä���u³w$uKçTz�ÿ,á@äP�¡ãTzòõ¯uKçat�ä �
∫

∇2

(
1

r

)

× 1d3
r = −4π × 1

�PãTä��¡ä�ê2uK�@�¡äîìpt@ìpz��.�@z!�þåï}�çXèT}�zòtë|_uK��|,ãT��ä,áë��åæz�ç*t¡é,ù�á¡uK��ä�è.åïãTçTä�öf}�çT|~t¡z�}�ç
F (r)

�
∫ ∞

−∞

∇2

(
1

r

)

F (r)d3
r = lim

R→∞
lim
a→0

∫

|r|≤R

∇2 (fa(r))F (r)d3
r

üPçUçN}Kt�äAâ*ãTä$��uÏöf}�çT|~t¡z�}�ç ∇2(fa(r))
ä,�@t�êTz�â*ãTé,ä$uKãNt¡}�ãTá�èTã�êL}�z�çat

r = 0
è.å u¯ãNtvuKçat�êT��ãT��â*ãTä

a
ä~�@t

ê
ä~t�zòt_ûTü%çXê
ä,ãNt,ú)uK��}Ká¡�,úI�,åæu¯t¡t¡ä,çTèNá¡ä�÷8|,ä%â*ãTä���ä%á@é,�¡ãN��tvuªtë�¡}�zòt9��u�õ¯uK��ä,ãTáëèNä
F
÷8�þåï}�á¡z�ù�z�çTä¯ú

F (0)
û�	Pu¯çT�

|,ä�â*ãTz!�@ãTz�t{}�çnõ¯u8èTé,wA}�çat�á@ä,á9|,ä�t¡t�ä�u��Aá@w�u¯t¡z�}�ç'û
sIz

F (r)
õKu¯á¡z�äë��ä,çat�ä~w$ä~çat±è2u¯çT�Ý��u%á¡é,ùKz�}�ç |r| ≤ R

úD}Kç$ê
ä,ãNtÝ��u%á@ä,wAêT��uK|~ä,á ê2uKá �@}�ç�èTé�õ�ä~��}�êTê
ä,wAä,çat
��z�w$zòt�é�uKãNt¡}�ãTá9èTä��þåï}�á¡z�ù�z�çNä

F (r) ≈ F (0) + r · [∇F ]
0

+ · · ·
à ä%t�ä,á@w$ä%ùKé,çTé~á�uK�!è.åï}�á@èTá¡ä �����>�����Ou8|~}�w$wAäPäîíNêNá¡ä,�@�¡z�}�ç 
 m = 0, 1, 2, · · · �

1

(2m + 1)!

3∑

i1,i2,···,i2m+1

[
∂i1∂i2 . . . ∂i2m+1F

]

0
ri1 × ri2 × · · · × ri2m+1

üPçlê
ä,ãItëõ�é,á@z �2ä~á9âDãNäKú)êL}KãTá
m = 0

úT}�ç á¡ä�t�á¡}KãNõ�ä��Tz�ä,ç �þåïä�íIêTá¡ä~�¡�@z�}�ç

r · [∇F ]
0

=

3∑

i=1

[∇F ]
0
ri



�±}�wAw$ä8}KçUõ¯uXõK}�z�á�ê2u¯á���un�¡ãTzòt�äKú���uX|~}�çat�á@z��TãNt¡z�}�ç èTä~��t¡ä,á@w$ä~��è.åï}�á@èTá¡äAz�wAê2uKz�á%uKã�|_uK��|,ãT�Râ*ãTz çT}�ãN�
z�çat¡é,á¡ä~�¡�@ä�ä~�@t{ç*ãT����äKû

à ä�t¡ä,á@w$ä%ù�é~çTé,á¡uK�!è.åï}�á¡èNá¡ä �>�����Ou³|,}�wAwAäPä�íIêTá@ä,�¡�@z�}�ç 
 m = 0, 1, 2, . . .
�

1

(2m)!

3∑

i1,i2,···,i2m

[∂i1∂i2 . . . ∂i2m
F ]

0
ri1 × ri2 × · · · × ri2m

üPç1êLä~ãNt;õKé,á¡z �2ä,á~ú�ä,çN|,}�á@änãTçTäÏöf}�z��,ú�âDãNän��ä$t¡ä,á@w$ä
m = 0

|~}�á¡á@ä,�@êL}�çNè3÷���u¥|~}�çT�@t�uKçat�ä
F (0)

ú�t�}KãNt
|,}Kw$wAä%��ä�t¡ä,á@w$ä

m = 1
uKãnt�ä,á@w$ä%è'åæ}�á@èTá¡ä6;

1

2!

3∑

i=1

3∑

j=1

[∂i∂jF ]
0
rirj =

1

2

(

x2

[
∂2F

∂x2

]

0

+ y2

[
∂2F

∂y2

]

0

+ z2

[
∂2F

∂z2

]

0

)

+
(

xy

[
∂2F

∂x∂y

]

0

+ yz

[
∂2F

∂y∂z

]

0

+ zx

[
∂2F

∂z∂x

]

0

)

uKz�çT�¡z.èNä��@ãTz�t¡äKû
üPçl}��It�z�ä~çat_ú2uK��}�á¡�~ú

∫

∇2 (fa(r))F (r)d3
r =

∫

|r|≤a≤R

∇2 (fa(r))F (r)d3
r

üPçl|vñN}�z��@z�t
a
èTä%ö]u�B,}�ç ÷³|,ä�â*ãTä

a ≤ R
ä~t{�þåï}�çÏt�á@}�ãNõKä

∫

|r|≤a≤R

∇2 (fa(r)) F (r)d3
r ≈

∫

|r|≤a≤R

(

− 3a2

(r2 + a2)5/2

)

(F (0) + r · [∇F ]
0

+ · · ·) d3
r

à ä�êTá¡ä~w$z�ä,á±t¡ä,á¡wAä�çT}�ãT�9èT}KçTçTä

∫

|r|≤a≤R

F (0)

(

− 3a2

(r2 + a2)5/2

)

d3
r = −4πF (0)

(
R√

R2 + a2

)3

à ä�èTä,ãIíIz�ÿ,wAä�t¡ä,á@w$ä¯ú
∫

|r|≤a≤R

r · [∇F ]
0

(

− 3a2

(r2 + a2)5/2

)

d3
r = [∇F ]

0
·
∫

|r|≤a≤R

r

(

− 3a2

(r2 + a2)5/2

)

d3
r = 0

|_u¯áO��ä�èT}�w$uKz�çTä{è.åïz�çat�é~ù�á�uªt�z�}Kç�ä,�ðt9� "DwAé~t�á@z�â*ãTä%u¯ãNt�}�ãNá±èTäP��åæ}Ká¡z�ùKz�çTä¯ú
r
ä~�@tëãTçNä�öf}�çT|�t�z�}Kç �����>��������èTä

rä~t
(

− 3a2

(r2 + a2)5/2

)

ä,�ðt%ãTçTä;öf}KçT|~t¡z�}�ç��>����� �{èNä
r
û.üPç/ê
ä,ãNt,ú.uKãT�@�¡z�ú'èTé~èTãTz�á@äßâ*ãTä;t¡}�ãT�P��ä,��t¡ä,á@w$ä~�!�����>�����

�
è2uKçT�P��äßèNé~õ�äîì

��}KêTêLä~w$ä~çat9èTä�9�u@"D��}�áë�~å u¯çTç*ãT����ä,çat{é,ùauK��ä,wAä,çat_û �Pã.åæä~ç¥ä~�@t@ìpz��.èNä,�ët�ä~á¡wAä,� �>�����
�
�

à ä�t¡ä,á@w$ä%è.åï}�á@èTá¡ä6;³u³��ußöf}�á¡wAä

1

2!

3∑

i=1

3∑

j=1

[∂i∂jF ]
0

∫

|r|≤a≤R

rirj

(

− 3a2

(r2 + a2)5/2

)

d3
r



ä~t{��ä,�9uKãNt¡á¡ä~�9t¡ä,á@w$ä~�{�@}�çat{èTä���u;öf}�á¡wAä

1

(2n)!

3∑

i1,...,i2n

[∂i1 . . . ∂i2n
F ]

0

∫

|r|≤a≤R

ri1 × . . . × ri2n

(

− 3a2

(r2 + a2)5/2

)

d3
r

üPçlêTuK�¡�@ä�ä~çl|~}I}Ká¡èT}�çNçTé,ä~���@êTñTé,á@z�â*ãTä~�,ú

ri = r × Ai(θ, φ)

u_õ�ä~|
Ai(θ, φ)

èTä~�{öf}KçT|~t¡z�}�çT�ëèNä,��uKçTù���ä,�9êL}K��uKz�á¡äPä�t�u��,z�wßãNtvuK� 
 ê2uKá9äîíNä~w$êN��äKú r1 ≡ x = r cos φ sin θ
�îû

�±ä,|~z�z�wAêT��z�âDãNä�â*ãTä
∫

|r|≤a≤R

ri1 × . . . × ri2n

(

− 3a2

(r2 + a2)5/2

)

d3
r = C ×

∫

|r|≤a≤R

r2n+2dr

(

− 3a2

(r2 + a2)5/2

)

︸ ︷︷ ︸

In

}�ø
C
ä~�@t���u³|,}�çT�ðtvuKçat¡äKú'}��Nt�ä~çDãNäßä,ç¥z�çat�é~ù�á�uKçat��¡ãTá{��ä~��u¯çTù���ä~�,û � ä,�@t¡ä;uK��}�á¡�{�þåïz�çat¡é,ù�á¡uK��ä%�@ãTá���ä�á¡u@"�}�ç.ú

In

û
üPçX��uKzòt_úTèTé��¡÷Nú2â*ãTä
I0 =

(
R/

√
R2 + a2

)3 û2ü%ç |vñTä~á¡|vñTä¯úLä~ç ö]uKzòt_úN÷³|,uK��|~ãT��ä~á

lim
a→0

In

üPçlèNé,|,}Kw$ê
}��¡ä
In

ä,ç èTä,ãDí z�çat�é~ù�á�uK��ä,�?�

In = −3a2

∫ a

0

r2n+2

[r2 + a2]5/2

︸ ︷︷ ︸

I
(1)
n

−3a2

∫ R

a

r2n+2

[r2 + a2]5/2

︸ ︷︷ ︸

I
(2)
n

	PuKçN�{��u8êTá¡ä~w$z�ÿ,á¡ä%}Kç ê
}��@ä
r/a = z

ä~t{�þåï}�çX}��Nt¡z�ä~ç*t

I(1)
n = −3a2n

∫ 1

0

z2n+2

[z2 + 1]5/2
dz

èT}�çat���u³èTé,ê
ä,çTèNä,çT|~ä;ä,ç
a
ä,�@t�t�á¡uKçT�¡êTuKá¡ä~ç*t¡äKû à åïz�çat¡é,ù�á¡uK��ä��¡ãNá

z
ä~�@tPãNçTäß|~}�çT�@t�uKçat�ä�� ��� �9êL}KãTá{t¡}�ãNt¡ä

õ¯uK��ä~ãTáëèTä
n
ú2êTuKáë|,}�çN�¡é,â*ãTä~çat

lim
a→0

I(1)
n = 0

	PuKçN�{��u8èTä,ãIíIz�ÿ,wAä�z�çat�é,ùKá�uK��äP}�çnö]uKz�tO��u8w �~w$ä�|vñT}��¡ä�ä~t{��åæ}�çnt¡á¡}�ãNõKä

I(2)
n = −3a2n

∫ R/a

1

z2n+2

[1 + z2]5/2
dz

à }�á¡�@â*ãTä
a → 0

��u��L}Ká¡çTä¯ú�ê
}Kt¡ä,çat�z�ä,����ä,wAä,çat_ú'è2uKçTù�ä~á¡ä~ãT�¡ä$ä,�@tß��un�¡ãNêLé~á¡z�ä~ãTá¡ä¯ú�|,uKá��þåïz�çat�é~ù�á�uKçNèTä8êLä~ãNt
èTzòõ�ä,á@ù�ä,á9��}�á¡�@âDãNä

z → ∞ û
	¥uKz��{��åæ}Kçn�¡ä�á¡ä~çTè¥|~}�w$êIt�ä%â*ãTäKú)êTãNz��¡â*ãTä

1 ≤ z ≤ R/a
ú

z2n+2

[1 + z2]5/2
< z2n−3



�±ä~t@t�ä�|,}Kw$ê2u¯á�uKz��¡}�çXz�wAêT��z�â*ãTäKúI÷8�¡}�çXt�}KãTá,úTâ*ãTä

∫ R/a

1

z2n+2

[1 + z2]5/2
dz <

∫ R/a

1

z2n−3dz =
(R/a)2n−2

2n − 2
− 1

2n − 2
<

R2n−2

2n − 2
a2−2n

üPçlä~çlèNé,èTãTzòt9â*ãTä
|I(2)

n | < C1 × a2 ⇒ lim
a→0

I(2)
n = 0	�u¯á8|,}�çT�@é,â*ãTä~ç*t,úRêL}KãTá

R
�NíIäKú�|vñ2u¯âDãNä |~}Iä �A|,z�ä~çat8èTã3èTé~õKä,��}�êTê
ä,wAä,çat³èTä�9�u@"I��}�áßt¡ä,çTè1õ�ä~á¡� �~é,á¡}Nú

��}Ká¡�¡â*ãTä
a → 0

û à ä�á@é,�@ãT��t�u¯t��2ç2uK�!ä~�@t
∫ ∞

−∞

F (r)∇2

(
1

r

)

d3
r = −4πF (0)

üPçlê
ä,ãNt,ú)uK��}Ká¡�,úNuKèT}�êIt�ä,á9��u;á¡ÿ,ùK��ä%�¡ãNz�õ¯uKçat�ä �2|vñ2uKâ*ãTä�öf}�z��ëâDãNä���åæ}KçXt¡á¡}�ãIõ�ä��þåïä�íIêTá@ä,�¡�@z�}�ç
∫

F (r)∇2

(
1

r

)

d3
r

ä~t{��ä%èT}�w$uKz�çTä�è.åæz�çat�é,ùKá�u¯t¡z�}�çn|~}�çat�z�ä~çat���åæ}Ká¡z�ùKz�çTä¯úI}�çX�@}�ãT�ðìpä,çat�ä~çTè¥��u8��z�wAz�t¡ä

lim
a→0

∫

F (r)∇2 (fa(r)) d3
r

ä~t{��åæ}�çÏõ¯u³��ãTz.uK�¡�@}��¡|~z�ä,á9��ußõKu¯��ä,ãNá −4πF (0)
û)üPç é,|~á¡z�t,úT�¡}KãNõ�ä~ç*t,ú'u¯��}�á@�,ú

∇2

(
1

r

)

= −4πδ(r)

ä~t��þåï}�çluKêTê
ä,����ä
δ(r)


 ����� � � � � � ���
��
 � ���
������� � � û �±ä�t¡t�äßä�íIêTá¡ä~�¡�@z�}�ç�ä~�@tPt¡á¡}�wAê
ä,ãT�@äKú)|_uKá�z���çTä��,åæuKù�z�t
ê2uK�Rè'åæãTçNä9öf}KçT|~t¡z�}�ç.ú¯w�u¯z��,úªêT��ãNt��Kt,úKè.åïãTç³}�ê
é,á¡u¯t�ä~ãTá,ú�â*ãTzTuKù�z�t��¡ãTá ��åæä~�¡ê2uK|~äëèTäOöf}�çT|�t�z�}�çT���@ã �A��uKwAw$ä~çat
��z��¡�@ä,�ëä~t{á@é_uK��z��¡ä%��u;|,}�á@á¡ä~�¡ê
}�çTè2uKçN|,ä

∫

F (r)δ(r)d3
r → F (0)

�R����äPç.åæuAê2u¯�{èNä��@ä,çT�{ä,ç èTä~ñT}�á¡�9èTä���åæz�ç*t¡é,ù�á¡uK��ä¯úNä~ç ö]uKzòt_û

	 4 Ù�ÖXÜ 5,Û�	!Þ�ÙßÖ�	

�±ä,�;äîíIä,wAêT��ä~�ß�¡}Kç*tßèTä,�ßz�����ãT�@t¡á�u¯t¡z�}�çN�Pê2uKáðt�z�|~ãT��z�ÿ,á@ä,wAä,çat�uKêTêTá@}�êTá¡z�é,ä~�ßê
}�ãTá�w$ä�t¡t�á@ä$ä~ç é~õDz�èTä,çT|~ä
è.åïãTçTäÝê2uKá@t���u{çTé~|,ä~�¡�¡zòt�éÝèTãßá¡uKz��@}�çTçTä~w$ä~ç*t�w$u¯t�ñNé,w$u¯t�z�âDãNäR�¡}�z�ù�çTéKú
ê
}�ãTá�èTä~��uKêTêN��z�|,u¯t�z�}�çT�
óÓ|,}�çN|,á¡ÿ�t�ä~�ðôvû
AÓ�!ä,�ðt�uKãT�¡�@z�á¡ä,w$uKá@âDãTu��T��ä�âDãNä���ä,�ë}�ãNt¡z�����óÓt¡ä,|vñTçTz�â*ãTä,��ô�á¡é,â*ãTz��9�¡}�çat_ú2ä~ç ö]u¯z�t_úIé,��é,wAä,çatvuKz�á¡ä~� �



� 4 /�5,Ü±Û 53Ú�+ 5��pÞ,Ö8× � ��Ø /�5�+ −3a2
∫

|r|≤R d3
r/
[
r2

+ a2
]5/2

üPç õKä,ãNt�|_uK��|,ãT��ä,áO��åæz�çat�é,ùKá�uK��ä

−3a2

∫

|r|≤R

d3
r/
[
r2 + a2

]5/2
= −3a2 × 4π

∫ R

0

r2

[r2 + a2]5/2
dr

üPçlä��'ä~|~t¡ãTä���ä%|vñ2uKùKçTä,wAä,çat�èTä%õKu¯á¡z�u �T��ä~�O�¡ãTzòõ¯uKçat

r = a sinh θ

ä~t{��åæ}�çÏt¡á¡}�ãIõ�ä

−3a2 × 4π

∫ sinh−1(R/a)

0

1

a2

sinh2 θ

cosh4 θ
dθ

üPçlçN}Kt�ä%â*ãTä
sinh θ

cosh θ
= tanh θ

d

dθ
tanh θ =

1

cosh2 θ

tanh

[

sinh−1 R

a

]

=
R√

R2 + a2

ê
}�ãTáOt�á@}�ãNõKä,á{z�wAw$é~èTz�u¯t¡ä,wAä,çat

−3a2 × 4π

∫ sinh−1(R/a)

0

1

a2

sinh2 θ

cosh4 θ
dθ = −4π

(
R√

R2 + a2

)3

à uP��z�w$zòt�ä èTäë|,ä�t¡t¡äëä�íIêTá¡ä~�¡�@z�}�ç³ê
}�ãTá
a → 0

äîíIz��@t¡äëä~tRä~�@t é~ùauK��äO÷ −4π
z�çTèTé~êLä~çTè2uKwAwAä,çatRèTäO��u�õ¯uK��ä~ãTá

èTä
R
û

� * / Ü±ÙßÖ��!+OØ �2+9Ö Ü + ÛXÖnÞ��ªÙ�Ø 1 +

	PuKçT�{|,ä�t�uKçTçTäîíNä�}�çXêTá@é,�¡ä~çat�äß��ä,�ëèTé�tvuKz����±t¡ä,|vñTçNz�â*ãTä,��èTä���u;èTé~w$}KçT�@t¡á�u¯t¡z�}�çnâ*ãTä

lim
a→0

∫ R

0

r3(1 − µr)e−µr

(r2 + a2)3/2
dr =

∫ R

0

(1 − µr)e−µrdr

sIz8�þåï}�ç èTä~�¡�¡z�çTä ��uGöf}�çT|�t�z�}Kç
F (x) = (1 − x)e−x

uKz�çT�@z;â*ãTä ��udö]uKwAz�����ä
G(x, a) = x3(1 −

x)e−x/
[
(x2 + a2)3/2

] úR|~ö�û �2ùTû	�Nú�}�çSê
ä,ãItÏu_õ�}Kz�á8èTä~�$èT}KãNt�ä~�$�@ãTá$��u/|,}�çaõ�ä~á¡ù�ä~çT|,älãTçTzòöf}�á¡wAäKû ��tA�¡z
�þåï}�çXá¡ä~ùauKá@èTä%��ä%èTé�tvuKz��þúI|~ö�û��2ùTû�
Nú

}�ç |,}�wAw$ä~çT|,ä�÷8ê
ä,çT�@ä,á{â*ãTä���u;|,}�çaõKä,á¡ùKä,çT|~ä

lim
a→0

G(x, a) = F (x)
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�Ý�"Q�� �:= à u�öf}�çN|~t�z�}�ç;��z�wAz�t�ä
F (x) = (1−x)e−x

ä~tR��ä,��öf}�çN|~t�z�}�çT�
G(x, a) = (1−x)e−xx3/[x2+a2]3/2

ê
}�ãTá
a = 0.1, 0.01, 0.001

û

 0
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 1
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f(x)
g(x,0.1)

g(x,0.01)
g(x,0.001)

�Ý�"Q�� 
 = à u�öf}�çN|~t�z�}�ç;��z�wAz�t�ä
F (x) = (1−x)e−x

ä~tR��ä,��öf}�çN|~t�z�}�çT�
G(x, a) = (1−x)e−xx3/[x2+a2]3/2

ê
}�ãTá
a = 0.1, 0.01, 0.001

= ��ù�ù�á¡uKçTèTz��¡�@ä,wAä,çatR�¡ãNáÝ��åæz�ç*t¡ä,áðõKu¯����ä
[0, 0.1]

ûDüPç³õ�}�zòt�âDãNä���u%á@é,ù�z�}�ç$èNä�çT}KçIì
ãTçTzòöf}�á¡wAz�t¡é�ä~�@t{èTä%tvuKz�����ä

a
û
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lim
x→0

lim
a→0

G(x, a) 6= lim
a→0

lim
x→0

G(x, a)

|_u¯á
G(0, a) = 0

êL}�ãNáPt�}�ãNt¡ä;õ¯uK��ä~ãTáPèTä
a 6= 0

úLtvuKçTèNz��%â*ãTä
F (0) = 1
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∫ R

0

r3(1 − µr)e−µr

[r2 + a2]3/2
dr =

∫ a

0

r3(1 − µr)e−µr

[r2 + a2]3/2
dr +

∫ R

a

r3(1 − µr)e−µr

[r2 + a2]3/2
dr

üPçlçN}Kt�ä¯úTw�u¯z�çat�ä~ç2uKçat_úTâ*ãTä
|(1 − µr)e−µr| < 1
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∣
∣
∣
∣
∣

r3(1 − µr)e−µr

[r2 + a2]3/2
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∣
∣
∣
∣
≤ |(1 − µr)e−µr| < 1
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lim
a→0

∫ a

0

r3(1 − µr)e−µr

[r2 + a2]3/2
dr = 0
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∣
∣
∣
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r3(1 − µr)e−µr

[r2 + a2]3/2
− (1 − µr)e−µr

∣
∣
∣
∣
∣
< ε
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∣
∣

∣
∣
∣
∣

r3

(r2 + a2)3/2
− 1

∣
∣
∣
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<

∣
∣
∣
∣

r3

(r2 + a2)3/2
− 1

∣
∣
∣
∣
=

∣
∣
∣
∣
∣

1

(1 +
(

a
r

)2
)3/2

− 1

∣
∣
∣
∣
∣
=
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r > 0
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a ≤ r
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∣
∣
∣
∣

1
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(
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r

)2
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− 1

∣
∣
∣
∣
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< ε
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